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Preface

SCAN 2014 will certainly become another flagship conference in the
research areas of

• reliable computer arithmetic
• enclosure methods
• self validating algorithms

and will provide a lot of helpful and useful ideas for trustworthy ap-
plications and further research. This booklet contains the abstracts of
the invited or contributed talks.

The conference starts with awarding the Moore Prize for the best
application of interval methods to Prof. Kenta Kobayashi for his
Computer-Assisted Uniqueness Proof for Stokes’ Wave of Extreme
Form (p. 83).

Every morning and every afternoon starts with an invited keynote,
and I think we can be proud that the following distinguished experts
have accepted our invitation:

• Ekaterina Auer (University of Duisburg-Essen, Germany)
• Andrej Bauer (University of Ljubljana, Slovenia)
• Sylvie Boldo (Inria, France)
• Jack Dongarra (University of Tennessee and ORNL, USA; Univer-
sity of Manchester, UK)

• John Gustafson (Ceranovo Inc., USA)
• Bart lomiej Jacek Kubica (Warsaw University of Technology, Poland)
• John Pryce (Cardi↵ University, UK)

SCAN 2014 in Würzburg

The relations between Würzburg and SCAN 2014 are surprisingly ob-
vious. The University of Würzburg was founded in 1402. Its logo is
a left bracket symbol expressing the ongoing, open ended progress of
knowledge. If we permute the digits of the foundation year and close
the left bracket by a right one we have our particular interval for the
logo of the SCAN 2014 conference.
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Organizing SCAN 2014 in Würzburg

I want to thank all our sponsors, there donations made the conference
possible.

I further want to thank the members of the scientific committee,
the organizers of the last 3 meetings V. Kreinovich, N. Revol, and
S. Shary in particular.

Organizing this conference was a pleasure for me, because of the
tremendous assistance I got from the organizing committee:

Alexander Dallmann, Fritz Kleemann, Marco Nehmeier, Anika
Schwind and Susanne Stenglin.

Würzburg, September 2014 Jürgen Wol↵ von Gudenberg

Last but not least I wish all of us a

SCAN

Successful Conference and Attractive Night program
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18:00 – 20:00 Get-together and Registration (GHOTEL)

Monday, September 22, 2014

8:00 – 9:00 Registration (Conference O�ce)

9:00 – 9:30 Opening Session (Turing, Chair: J. Wol↵ von Gudenberg)

9:30 – 10:30 R. E. Moore Prize Awarding Ceremony (Turing, Chair:
V. Kreinovich)

Kenta Kobayashi
Computer-Assisted Uniqueness Proof for Stokes’ Wave of Extreme
Form (p. 83)

10:30 – 11:00 Co↵ee Break

11:00 – 12:00 Plenary Talk (Turing, Chair: B. Kearfott)

John Pryce
The architecture of the IEEE P1788 draft standard for interval
arithmetic (p. 135)

12:00 – 13:20 Lunch

13:20 – 14:20 Plenary Talk (Turing, Chair: W. Luther)

Ekaterina Auer
Result Verification and Uncertainty Management in Engineering
Applications (p. 30)

14:20 – 16:00 Parallel Sessions

Session A1: Solution Sets (Turing, Chair: J. Garlo↵)
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Verified solutions of saddle point linear systems (p. 114)
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(3) Sergey P. Shary
Maximum Consistency Method for Data Fitting under Interval Un-
certainty (p. 147)
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Modal Interval Floating Point Unit with Decorations (p. 49)

(2) Jordan Ninin and Nathalie Revol
Accurate and e�cient implementation of a�ne arithmetic using
floating-point arithmetic (p. 125)

(3) Philippe Théveny
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Replacing branches by polynomials in vectorizable elementary func-
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Implementing the Interval Picard Operator (p. 87)

(4) Luc Jaulin, Jordan Ninin, Gilles Chabert, Stéphane Le Menec,
Mohamed Saad, Vincent Le Doze and Alexandru Stancu
Computing capture tubes (p. 72)

19:00 – 21:00 Reception (Town Hall Würzburg)
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Reserve as recognizing functional for AE-solutions to interval sys-
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2
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Computation of Confidence Regions in Reliable, Variable-Structure
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A method of verified computations for nonlinear parabolic equations
(p. 117)
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Session D3: Tools and Workflows (Moore, Chair: E. Popova)

(1) Pacôme Eberhart, Julien Brajard, Pierre Fortin and Fabienne Jézéquel
Towards High Performance Stochastic Arithmetic (p. 47)
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A workflow for modeling, visualizing, and querying uncertain (GPS-
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Reproducible and Accurate Matrix Multiplication for High-Performance
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(2) Chemseddine Chohra, Philippe Langlois and David Parello
Level 1 Parallel RTN-BLAS: Implementation and E�ciency Anal-
ysis (p. 40)

(3) Hao Jiang, Feng Wang, Yunfei Du and Lin Peng
Fast Implementation of Quad-Precision GEMM on ARMv8 64-bit
Multi-Core Processor (p. 76)
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Session E2: Parametric Linear Systems (Zuse, Chair: K. Ozaki)

(1) Milan Hlad́ık
Optimal preconditioning for the interval parametric Gauss–Seidel
method (p. 68)
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A Simple Modified Verification Method for Linear Systems (p. 109)
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Verified Parameter Identification for Dynamic Systems with Non-
Smooth Right-Hand Sides (p. 137)
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Non-arithmetic approach to dealing with uncertainty in fuzzy arith-
metic (p. 151)
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How much for an interval? a set? a twin set? a p-box? a Kaucher
interval? An economics-motivated approach to decision making un-
der uncertainty (p. 98)

(3) Boris S. Dobronets and Olga A. Popova
Numerical probabilistic approach for optimization problems (p. 44)

11:45 – 13:00 Lunch
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9:00 – 10:00 Plenary Talk (Turing, Chair: N. Revol)

Sylvie Boldo
Formal verification of tricky numerical computations (p. 39)

10:00 – 10:30 Co↵ee Break
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Session F1: Miscellaneous (Turing, Chair: B. Bánhelyi)

(1) Roumen Anguelov and Svetoslav Markov
On the sets of H- and D-continuous interval functions (p. 28)

(2) Luise Senkel, Andreas Rauh and Harald Aschemann
Numerical Validation of Sliding Mode Approaches with Uncertainty
(p. 143)

(3) Amin Maher and Hossam A. H. Fahmy
Using range arithmetic in evaluation of compact models (p. 103)

Session F2: Floating Point Operations (Zuse, Chair: P. Langlois)

(1) Hong Diep Nguyen and James Demmel
Toward hardware support for Reproducible Floating-Point Compu-
tation (p. 123)

(2) Claude-Pierre Jeannerod and Siegfried M. Rump
On relative errors of floating-point operations: optimal bounds and
applications (p. 75)

(3) Stefan Siegel
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On the mathematical modelling of a
batch fermentation process using interval

data and verification methods

Rene Alt1, Svetoslav Markov2, Margarita Kambourova3,
Nadja Radchenkova3 and Spasen Vassilev3

1 Sorbonne Universites, LIP6, UPMC, CNRS UMR7606
2 Institute of Mathematics and Informatics, Bulgarian Academy of

Sciences
3 Institute of Microbiology, Bulgarian Academy of Sciences
1 Boite courrier 169 4 place Jussieu 75252 Paris Cedex 0,

2 “Akad. G. Bonchev” st., bl. 8, 1113 Sofia, Bulgaria
3 “Akad. G. Bonchev” st., bl. 26, 1113 Sofia, Bulgaria

smarkov@bio.bas.bg

Keywords: batch fermentation processes, reaction schemes, dynamic
models, numerical simulations, verification methods

An experiment in a batch laboratory bioreactor for the of EPS pro-
duction by Aeribacillus pallidus 418 bacteria is performed and interval
experimental data for the biomass-product dynamics are obtained [1].
The dynamics of microbial growth and product synthesis is described
by means of several bio-chemical reaction schemes, aiming an under-
standing of the underlying biochemical/metabolic mechanisms [2,3].
The proposed reaction schemes lead to systems of ordinary di↵erential
equations whose solutions are fitted to the observed interval experi-
mental data. Suitable parameter identification of the mathematical
models is performed aiming that the numerically computed results are
included into the interval experimental data following a verification
approach [4,5]. The proposed models reflect specific features of the
mechanism of the fermentation process, which may suggest further ex-
perimental and theoretical work. We believe that using the proposed
methodology one can study the basic mechanisms underlying the dy-
namics of cell growth, substrate uptake and product synthesis.
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On the sets of H- and D-continuous
interval functions

Roumen Anguelov1 and Svetoslav Markov2
1 Department of Mathematics and Applied Mathematics, University

of Pretoria, Pretoria 0002, South Africa
2 Institute of Mathematics and Informatics, Bulgarian Academy of

Sciences, “Akad. G. Bonchev” st., bl. 8, 1113 Sofia, Bulgaria
smarkov@bio.bas.bg

Keywords: real functions, interval functions, H-continuous functions,
D-continuous functions, tight enclosures.

It has been shown that the space of Hausdor↵ continuous (H-
continuous) functions is the largest linear space of interval functions
[1]. This space has important applications in the Theory of PDE’s and
Real Analysis [2]. Moreover, the space of H-continuous functions has
a very special place in Interval Analysis as well, more specifically in
the Analysis of Interval-valued Functions. It has been also shown that
the practically relevant set, in terms of providing tight enclosures of
sets of real functions, is the set of the so-called Dilworth continuous (D-
continuous) interval-valued functions [1]. Here we apply the concept of
quasivector space as defined in [3] which captures and preserves the es-
sential properties of computations with interval-valued functions while
also providing a relatively simple structure for computing. Indeed, a
quasivector space is a direct sum of a vector (linear) space and a sym-
metric quasivector space which makes the computations essentially as
easy as computations in a linear space. In the considered setting we
prove that, the space of H-continuous functions is precisely the linear
space in the direct sum decomposition of the respective quasivector
space.
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Verified methods can have di↵erent uses in engineering applications.
On the one hand, they are able to demonstrate the correctness of results
obtained on a computer using a certain model of the considered system
or process. On the other hand, we can represent bounded parameter
uncertainty in a natural way with their help. This allows us to study
models and make statements about them over whole parameter ranges
instead of their (possibly incidental) point values. However, whole pro-
cesses cannot be feasibly verified in all cases, the reasons ranging from
inherent di�culties (e.g., for chaotic models) to problems caused by
dependency and wrapping to drawbacks arising simply from choosing
the wrong verified technique. In this talk, we give a detailed overview
of how verified methods – sometimes in combinations with other tech-
niques – improve the quality of simulations in engineering. We start
by providing a general view on the role of verified methods in the
verification/validation systematics and the modeling and simulation
cycle for a given process. After that, we point out what concepts and
tools are necessary to successfully apply verified methods, including
not yet (fully) implemented ones that would be nonetheless advanta-
geous. Finally, we consider several applications from (bio)mechanics
and systems control which exemplify the general approach and focus
on di↵erent usage areas for verified methods.
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In 1955 E.M. Wright proved that all solutions of the delay di↵er-
ential equation ẋ(t) = �↵

�
ex(t�1) � 1

�
converge to zero as t ! 1 for

↵ 2 (0, 3/2], and conjectured that this is even true for ↵ 2 (0, ⇡/2).
The present paper proves the conjecture for ↵ 2 [1.5, 1.5706] (compare
with ⇡/2 = 1.570796...). The proof is based on the proven fact that
it is su�cient to guarantee the nonexistence of slowly oscillating peri-
odic solutions, and that slowly oscillating periodic solutions with small
amplitudes cannot exist. The talk will give details on the a computer-
assisted proof part that exclude slowly oscillating periodic solutions
with large amplitudes.
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In mathematics, it is quite di�cult to define exactly what chaos
really means. In particular, it is easier to prepare a list of properties
which describe a so called chaotic system than give a precise definition.
A dynamic system is generally classified as chaotic if it is sensitive to
its initial conditions. Chaos can be also characterized by dense periodic
orbits and topological transitivity.

While studying computational approximations of solutions of dif-
ferential equations, it is an important question is whether the given
equation has chaotic solutions. The nature of chaos implies that the
numerical simulation must be carried out carefully, considering fitting
measures against possible distraction due to accumulated rounding er-
rors. Unfortunately except a few cases, the recognition of chaos has
remained a hard task that is usually handled by theoretical means
[Hubbard1988].

In our present studies, we investigate a simple mechanical system,
Hubbard’s sinusoidally forced damped pendulum [Hubbard1988]. Ap-
plying rigorous computations, his 1999 conjecture on the existence of
chaos was proved in Bánhelyi et al. [Bánhelyi2008] in 2008 but the
problem of finding chaotic trajectories remained entirely open. This
time, we present a fitting verified numerical technique capable to lo-
cate finite trajectory segments theoretically with arbitrary prescribed
qualitative behaviour and thus shadowing di↵erent types of chaotic
trajectories with large precision. For example, we can achieve that our
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pendulum goes through any specified finite sequence of gyrations by
choosing the initial conditions correctly.

To be able to provide solutions with mathematical precision, the
computation of trajectories has to be executed rigorously. Keeping
in mind this intention, we calculated the inclusion of a solution of
the di↵erential equation with the VNODE algorithm [Nedialkov2001]
and based on the PROFIL/BIAS interval environment [Knüppel1993].
The search for a solution point is a global optimization problem to
which we applied the C version of the GLOBAL algorithm, a clustering
stochastic global optimization technique [Csendes1988]. This method
is capable to find the global optimizer points of moderate dimensional
global optimization problems, when the relative size of the region of
attraction of the global minimizer points are not very small.
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This talk presents the program SONIC - a Solver and Optimizer
for Nonlinear Problems based on Interval Computation. It solves non-
linear systems of equations and yields a list of boxes containing all
solutions within an initial box. The solver is written in C++ and uses
either C-XSC or filib++ as an interval library. Parallelization of the
code is possible by the usage of MPI or OpenMP. Members of the
Applied Computer Science Group of the University of Wuppertal are
working on the development of the solver.

SONIC uses a branch-and-bound approach to find and discard sub-
boxes of the initial starting box that don’t contain a solution of the
nonlinear system. To speed up the algorithm the branch-and-bound
method is combined with further components. The goal is to reduce
the computation time and the number of boxes that have to be con-
sidered.

There is the constraint propagation whose idea is to spread the
known enclosures of the variables over the term net that represents the
nonlinear system. After several sweeps over the term net the considered
box is contracted.

Another key element of the algorithm is the interval Newton method
with Gauss-Seidel iteration complemented by di↵erent choices for a
preconditioning matrix.

The solver generates a list of small boxes that cover all solutions
of the system. To verify the existence of a solution in these boxes a
final verification step is applied. For this task SONIC has implemented
several verification methods.
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There are several strategies for implementing exact computation
with real numbers. Two common ones are based on interval arithmetic
with forward or backward propagation of errors. A less common way
of computing with exact reals is to use Dedekind’s construction of reals
as cuts. In such a setup a real number is defined by two predicates
that describe its lower and upper bounds. We can extract e�cient
evaluation strategies from such declarative descriptions by using an
interval Newton’s method. From the point of view of programming
language design it is desirable to express the mathematical content of
a computation in a direct and abstract way, while still retaining flexi-
bility and control over evaluation strategy. We shall discuss how such
a goal might be achieved using techniques that modern programming
languages have to o↵er.
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The computation of vibrations of a thin rectangular clamped plate
results in an eigenvalue problem with a partial di↵erential equation of
fourth order.
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If we change the geometry of the plate for fixed area, this results in a

parameter-dependent eigenvalue problem. For certain parameters, the
eigenvalue curves seem to cross. We give a numerically rigorous proof
of curve veering, which is based on the Lehmann-Goerisch inclusion
theorems and the Rayleigh-Ritz procedure.

References:

[1] H. Behnke, A Numerically Rigorous Proof of Curve Veering in an
Eigenvalue Problem for Di↵erential Equations, Z. Anal. Anwen-
dungen, (1996), No. 15, pp. 181–200.

38



Formal verification of tricky numerical
computations

Sylvie Boldo

Inria
LRI, CNRS UMR 8623, Université Paris-Sud
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Computer arithmetic has applied formal methods and formal proofs
for years. As the systems may be critical and as the properties may
be complex to prove (many sub-cases, error-prone computations), a
formal guarantee of correctness is a wish that can now be fulfilled.

This talk will present a chain of tools to formally verify numerical
programs. The idea is to precisely specify what the program requires
and ensures. Then, using deductive verification, the tools produce
proof obligation that may be proved either automatically or interac-
tively in order to guarantee the correctness of the specifications. Many
examples of programs from the literature will be specified and formally
verified.
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Modern high performance computation (HPC) performs a huge
amount of floating point operations on massively multi-threaded sys-
tems. Those systems interleave operations and include both dynamic
scheduling and non-deterministic reductions that prevent numerical re-
producibility, i.e. getting identical results from multiple runs, even on
one given machine. Floating point addition is non-associative and the
results depend on the computation order. Of course, numerical repro-
ducibility is important to debug, check the correctness of programs and
validate the results. Some solutions have been proposed like parallel
tree scheme [1] or new Demmel and Nguyen’s reproducible sums [2].
Reproducibility is not equivalent to accuracy: a reproducible result
may be far away from the exact result. Another way to guarantee the
numerical reproducibility is to calculate the correctly rounded value of
the exact result, i.e. extending the IEEE-754 rounding properties to
larger computing sequences. When such computation is possible, it is
certainly more costly. But is it unacceptable in practice?
We are motivated by round-to-nearest parallel BLAS. We can imple-
ment such RTN-BLAS thanks to recent algorithms that compute cor-
rectly rounded sums. This work is a first step for the level 1 of the
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BLAS routines. We study the e�ciency of computing parallel RTN-
sums compared to reproducible or classic ones – MKL for instance.
We focus on HybridSum and OnlineExact, two algorithms that smooth
the over-cost e↵ect of the condition number for large sums [3,4]. We
start with sequential implementations: we describe and analyze some
hand-made optimizations to benefit from instruction level parallelism,
pipelining and to reduce the memory latency. The optimized over-cost
is at least 25% reduced in the sequential case. Then we propose paral-
lel RTN versions of these algorithms for shared memory systems. We
analyze the e�ciency of OpenMP implementations. We exhibit both
good scaling properties and less memory e↵ect limitations than exist-
ing solutions. These preliminary results justify to continue towards the
next levels of parallel RTN-BLAS.
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The increasing power of current computers enables one to solve
more and more complex problems. This, therefore, requires to perform
a high number of floating-point operations, each one leading to a round-
o↵ error. Because of round-o↵ error propagation, some problems must
be solved with a longer floating-point format.

As Exascale computing (1018 operations per second) is likely to
be reached within a decade, getting accurate results in floating-point
arithmetic on such computers will be a challenge. However, another
challenge will be the reproducibility of the results – meaning getting
a bitwise identical floating-point result from multiple runs of the same
code – due to non-associativity of floating-point operations and dy-
namic scheduling on parallel computers.
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Reproducibility is becoming so important that Intel proposed a
“Conditional Numerical Reproducibility” (CNR) in its MKL (Math
Kernel Library). However, CNR is slow and does not give any guar-
antee concerning the accuracy of the result. Recently, Demmel and
Nguyen [1] proposed an algorithm for reproducible summation. Even
though their algorithm is fast, no information is given on the accuracy.

More recently, we introduced [2] an approach to compute determin-
istic sums of floating-point numbers e�ciently and with the best pos-
sible accuracy. Our multi-level algorithm consists of two main stages:
filtering that relies upon fast vectorized floating-point expansions; ac-
cumulation which is based on superaccumulators in a high-radix carry-
save representation. We presented implementations on recent Intel
desktop and server processors, on Intel Xeon Phi accelerator, and on
both AMD and NVIDIA GPUs. We showed that the numerical repro-
ducibility and bit-perfect accuracy can be achieved at no additional
cost for large sums that have dynamic ranges of up to 90 orders of
magnitude by leveraging arithmetic units that are left underused by
standard reduction algorithms.

In this talk, we will present a reproducible and accurate (rounding
to the nearest) algorithm for the product of two floating-point matrices
in parallel environments like GPU and Xeon Phi. This algorithm is
based on the DGEMM implementation. We will show that the perfor-
mance of our algorithm is comparable with the classic DGEMM.
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Currently being developed methods and approaches to solving op-
timization problems under di↵erent types of uncertainty [1]. In most of
uncertain programming algorithms are used the expectation operator
and are held the averaging procedure. We consider a new approach to
optimization problems with uncertain input data. This approach uses
a numerical probabilistic analysis and allows us to construct the joint
probability density function of optimal solutions.

Methods to construct the solution set for the optimization problem
with random input parameters, we determine as the Random Program-
ming [2,3].

Let us formulate problem of random programming as follows:

f(x, ⇠) ! min, (1)

gi(x, ⇠)  0, i = 1, ...,m. (2)

where x is the solution vector, ⇠ is random vector of parameters, f(x, ⇠)
is objective function, gi(x, ⇠) are constraint functions.

Vector x⇤ is the solution of problem (1)–(2), if

f(x⇤, ⇠) = inf
U

f(x, ⇠),

where
U = {x|gi(x, ⇠)  0, i = 1, ...,m.}
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The solution set of (1)–(2) is defined as follows

X = {x|f(x, ⇠) ! min, gi(x, ⇠)  0, i = 1, ...,m, ⇠ 2 ⇠}

Note that x⇤ is random vector. So in contrast to the deterministic prob-
lem, for x⇤ is necessary to determine the probability density function
for each component of x⇤i as the joint probability density function.

Unlike most methods of stochastic programming in Random Pro-
gramming we can to construct a joint probability density function Px

of random vector x⇤.
To construct the joint probability density function Px for problem

(1)–(2) we use probabilistic extensions and quasi Monte Carlo method
[2]. This allows us to construct procedures for solving systems of linear
algebraic equations and nonlinear equations with random coe�cients.

Relying on numerical examples, we showed that the random pro-
gramming procedures is e↵ective method for linear and non linear op-
timization problems.

References:

[1] B.Liu, Theory and Practice of Uncertain Programming (2nd Edi-
tion), Springer-Verlag, Berlin, 2009.

[2] O.A. Popova, Optimization Problems with Random Data Jour-
nal of Siberian Federal University. Mathematics & Physics, 6,
(2013), No. 4, pp. 506–515

[3] B. Dobronets, O. Popova, Linear optimization problems with
random data. VII Moscow International Conference on Operation
Research (ORM 2013): Moscow, October 15–19, 2013. Proceed-
ings Vol. 1 / Eds. P.S. Krasnoschekov , A.A. Vasin , A.F. Izmailov.
— M., MAKS Press, 2013. pp. 15–18

45



Algorithmic and Software Challenges at
Extreme Scales

Jack Dongarra
University of Tennessee, USA

Oak Ridge National Laboratory, USA
University of Manchester, UK

dongarra@cs.utk.edu

In this talk we examine how high performance computing has
changed over the last 10-year and look toward the future in terms
of trends. These changes have had and will continue to have a major
impact on our software. Some of the software and algorithm challenges
have already been encountered, such as management of communication
and memory hierarchies through a combination of compile–time and
run–time techniques, but the increased scale of computation, depth of
memory hierarchies, range of latencies, and increased run–time envi-
ronment variability will make these problems much harder. We will
look at five areas of research that will have an importance impact in
the development of software and algorithms.

We will focus on following themes:

• Redesign of software to fit multicore and hybrid architectures

• Automatically tuned application software

• Exploiting mixed precision for performance

• The importance of fault tolerance

• Communication avoiding algorithms

Invited talk
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Because of the finite representation of floating-point numbers in
computers, the results of arithmetic operations need to be rounded.
The CADNA library [1],based on discrete stochastic arithmetic [2],
can be used to estimate the propagation of rounding errors in scientific
codes. By synchronously computing each operation three times with
a randomly chosen rounding mode, CADNA estimates the number of
exact significant digits of the result within a 95% confidence interval.
To ensure the validity of the method and allow a better analysis of the
program, several types of anomalies are checked at execution time.

However, the overhead on computation time can be of up to 80
times depending on the program and on the level of anomaly detec-
tion [3]. There are two main factors that can explain this: the cost of
anomaly detection and that of stochastic operations. Firstly, cancella-
tion (sudden loss of accuracy in a single operation) detection is based
on the computation of the number of exact significant digits that re-
lies on a logarithmic evaluation. This mathematical function is much
more costly than floating-point arithmetic operations. Secondly, the
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stochastic operators are currently implemented through the overload-
ing of arithmetic operators and the change of the rounding mode of
the FPU (Floating Point Unit). However, this method makes vector-
ization impossible, as each vector lane would need a di↵erent rounding
mode. Moreover, it causes performance overhead due to function calls
and to the flushing of the FPU pipelines, respectively. This implies
an even greater performance drop for HPC applications that rely on
SIMD (Single Instruction Multiple Data) processing and on pipeline
filling for better e�ciency.

To bypass these overheads and allow the use of vector instructions
for SIMD parallelism, we propose several improvements in the CADNA
library. Since only the integer part of the number of exact significant
digits is required, we can use the exponent of a floating-point value
as an approximation of the logarithm evaluation, which removes the
logarithm function call. To avoid the cost of function calls, we propose
to inline the stochastic operators. Finally, rather than depending on
the rounding modes of the FPU, we compute the randomly rounded
arithmetic operations by handling the sign bit of the operands through
masks. These contributions provide a speedup factor of up to 2.5 on
a scalar code. They also enable the use of CADNA with vectorized
code: SIMD performance results on high-end CPUs and on an Intel
Xeon Phi are presented.
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1 Introduction

Rounding errors in digital computations using floating point numbers
may result in totally inaccurate results. One of the mathematical so-
lutions to monitor and control rounding errors is the interval com-
putations which was popularized as classical interval arithmetic by
Ramon E.Moore in 1966 [1]. Results obtained via interval arithmetic
operations are mathematically proven to bind the correct result of the
computation.

2 Modal intervals

A generalized extension of the classical intervals was presented in 1980
which is the modal intervals. Modal Intervals Arithmetic (MIA) has
some advantages over classical intervals as it managed to solve some
of the problems in the latter like existence of Additive inverse and
Multiplicative inverse, a stronger sub-distributive law, and ability to
solve the interval equations that classical intervals failed to solve and
obtaining meaningful interval result when solving these equations [2].
This leads to solving serious problems in applications like control and
computer graphics. Due to the bad performance of software implemen-
tation of intervals basic operations, researches were lead to hardware
implementation of MIA.
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3 Previous Work

There is only one hardware implementation published for Modal inter-
val Adder/Subtractor in [3]. It provides a hardware implementation
of the Modal Interval Double Floating Point Adder/Subtractor and
Multiplier units. It proposes two di↵erent hardware implementation
approaches(serial and parallel) for each of these units.

4 Decorations

A decoration, mechanism to handle the exceptions, is information at-
tached to an interval; the combination is called a decorated interval.
It’s used to describe a property not of the interval it is attached to but
of the function evaluated on the input.
Worth mentioning that this is a part of the draft standard P1788 for
Interval floating point arithmetic, and that there is NO previous hard-
ware implementation for it[4].
This standard’s decoration model, in contrast with IEEE-754’s, has no
status flags [5].
The set D of decorations has five members shown in Table 1.
A decorated interval may take one of five values, thus it is imple-

mented as 3 –bits giving di↵erent decorated output intervals according
to the input intervals and the operation evaluated.

5 Proposed Implementation

The work presented in here adopts the double path floating point
adders which are based on performing speculatively addition on two
distinct low latency paths (CLOSE and FAR path) depending on the
exponent di↵erence and e↵ective operation [6].The correct result is
then selected at the end of the computation. The double path unit is
built on the following assumptions:
1) FAR path: If exponent di↵erence >1, for e↵ective subtraction the
maximum number of leading zeros is one, and only one-bit left shift
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Decoration Logical
value

Short
description

Definition

com 000 Common x is a bounded, nonempty sub-
set of Dom(f); f is continuous
at each point of x and the com-
puted interval f(x) is bounded.

dac 001 Defined &
continuous

x is a nonempty subset of
Dom(f) and the restriction of f
to x is continuous.

def 010 Defined x is a nonempty subset of
Dom(f).

trv 011 Trivial Always true (so gives no infor-
mation).

ill 100 Ill-Formed Not an Interval; formally
Dom(f)= ø.

Table 1: Decorations values

might be required for normalization and no need for the leading zero
detection. For e↵ective addition, no possibility of leading zeros ap-
pearance, however a large full length right shifter is required for the
two mantissas’ alignment.
2) Near Path, used for e↵ective subtraction only, if exponent di↵erence
is 0 or 1, then only one bit right shift might be needed. Counting the
possible leading zeros is performed in parallel with the operation.

In the NEAR path, a compound adder is used to calculate all the
possible result and reduce the conversion step to only a simple selection
[7].While in the FAR path the mantissas are swapped based on the
exponent di↵erence to produce only positive results [7]. Thus, the
conversion step (2’s complementing) is not any more needed.

The proposed design supports all addition/subtraction, special cases
resulting from infinities, de-normalized numbers, and Nan input, as
well as Decorations according to IEEE P1788 standard.
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6 Results & Testing

After implementation using Verilog and simulation using Quartus &
DC Compiler, we obtained a maximum frequency of 283 MHZ using
device number EP3SL50F780C2 of Stratix III Family, and 1.126 GHZ
in 65nm technology for ASIC simulation.
The design was tested using a C++ algorithm to generate testing vec-
tors, and “File Compare Tool” to compare the outputs of the design
with the testing vectors. Due to the impossibility to cover all the pos-
sible combinations of the input, numbers were divided into di↵erent
ranges that were covered independently.
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We say that a class C of n-by-nmatrices possesses the interval prop-
erty if for any n-by-n interval matrix [A] = [A,A] = ([aij, aij])i,j=1,...,n

the membership [A] ⇢ C can be inferred from the membership to C
of a specified set of its vertex matrices, where a vertex matrix of [A] is
a matrix A = (aij) with aij 2

�
aij, aij

 
, i, j = 1, . . . , n. Examples of

such classes include the

• M -matrices or, more generally, inverse-nonnegative matrices [8],
where only the bound matrices A and A are required to be in the
class;

• inverse M -matrices [7], where all vertex matrices are needed;

• positive definite matrices [3], [11], where a subset of cardinality
2n�1 is required (here only symmetric matrices in [A] are consid-
ered).

A class of matrices which in the nonsingular case are somewhat re-
lated to the inverse nonnegative matrices are the totally nonnegative
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matrices. A real matrix is called totally nonnegative if all its minors
are nonnegative. Such matrices arise in a variety of ways in mathe-
matics and its applications, e.g., in di↵erential and integral equations,
numerical mathematics, combinatorics, statistics, and computer aided
geometric design. For background information we refer to the recently
published monographs [4], [10]. The speaker posed in 1982 the con-
jecture that the set of the nonsingular totally nonnegative matrices
possesses the interval property, where only two vertex matrices are in-
volved [5], see also [4, Section 3.2] and [10, Section 3.2]. The two vertex
matrices are the bound matrices with respect to the checkerboard or-
dering which is obtained from the usual entry-wise ordering in the set
of the square matrices of fixed order by reversing the inequality sign
for each entry in a checkerboard fashion. This conjecture originated
in the interpolation of interval-valued data by using B-splines. Dur-
ing the last three decades many attempts have been made to settle
the conjecture. Some subclasses of the totally nonnegative matrices
have been identified for which the interval property holds, however,
the general problem remained open. In our talk we apply the Cauchon
algorithm (also called deleting derivation algorithm [6] and Cauchon
reduction algorithm [9]) to settle the conjecture. We report further on
some other recent results, viz. we

• give for each entry of a nonsingular totally nonnegative matrix
the largest amount by which this entry can be perturbed without
losing the property of total nonnegativity,

• identify other subclasses exhibiting the interval property of the
sign regular matrices, i.e., of matrices with the property that all
their minors of fixed order have one specified sign or are allowed
also to vanish. This leads us to a new open problem.
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A well-established tool for finding tight bounds on the range of a
multivariate polynomial

p(x) =
lX

i=0

aix
i, x = (x

1

, . . . , xn), i = (i
1

, . . . , in),

over a box X is the (polynomial) Bernstein form [1,2,4-6]. This is
obtained by expanding p by Bernstein polynomials. Then the mini-
mum and maximum of the coe�cients of this expansion, the so-called
Bernstein coe�cients

bi(p) =
iX

j=0

�
i
j

�
�
l
j

�aj, i = 0, . . . , l,

provide lower and upper bounds for the range of p over X. It is known
that the bounds converge to the range

• linearly if the degree of the Bernstein polynomials is elevated,
• quadratically with respect to the width of X,
• quadratically with respect to the width of subboxes if subdivision
is applied.
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In [3] the rational Bernstein form for bounding the range of the
rational function f = p/q over X is presented, viz.

l
min
i=0

bi(p)

bi(q)
 f(x)  l

max
i=0

bi(p)

bi(q)
, x 2 X.

It turned out that some important properties of the polynomial
Bernstein form do not carry over to the rational Bernstein form, e.g.,
the convex hull property and the monotonic convergence of the bounds.
In our talk we show that, however, the convergence properties listed
above remain in force for the rational Bernstein form. Similar results
hold for the rational Bernstein form over triangles.
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Firordt method is one of the methods of the analysis of the non-
separated mixtures [1]. According Firordt’s method we can determine
concentration cj of the components in the m-component mixture as
solving system of the equations of the form

bi =
mX

j=1

aij · l · cj, (1)

where bi is an absorbancy of the analized mixture on the i-th analyt-
ical wave length(AWL), aij is an molar coe�cient of the absorbtion
of the j-th component on i-th AWL, l is constant. Number of the
AWL(k) (number of the equations) usually is equal to the number
of the components(m) in the mixture. Overdetermined systems with
k > m are used for the enhanced accuracy.

Results of the spectroscopy may be imprecise so we have some im-
precise system of linear algebraic equations for analysis with equations
of the form (1).

bi =
mX

j=1

aij · l · cj, (2)

We consider interval linear algebraic systems of equations Ax = b,
with an interval matrix A and interval right-hand side vector b, as a
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model of imprecise systems of linear algebraic equations of the same
form.

We use a new regularization procedure proposed in [3] that reduces
the solution of the imprecise linear system to computing a point from
the tolerable solution set for the interval linear system with a widened
right-hand side. Tolerable solution set is least sensitive, among all
the solution sets [2], to the change in the interval matrix of the system
Ax = b. We exploit this idea that may be called interval regularization
for the system of equations of the Firordt method of the form (2).

With regards to system of equations of the Firordt method (es-
pecially overdetermined) such interval regularization technique pro-
vides the enhanced accuracy. Our computing technique uses exact
rational computations, it allows to solve sensitive and ill-conditioned
problems[4].

References:

[1] Vlasova I.V., Vershinin V.I., Determination of binary mix-
ture components by the Firordt method with errors below the
specified limit, Journal of Analytical Chemistry, vol. 64(2009),
No. 6, pp. 553–558.

[2] S.P. Shary, A new technique in systems analysis under inter-
val uncertainty and ambiguity, Reliable Computing, vol. 8 (2002),
No. 5, pp. 321–418.

[3] Anatoly V. Panyukov, Valentin A. Golodov, Computing Best Pos-
sible Pseudo-Solutions to Interval Linear Systems of Equations, .
Reliable Computing, Volume 19(2013), Issue 2, pp. 215-228.

[4] V.A. Golodov and A.V. Panyukov, Library of classes “Exact
Computation 2.0”. State. reg. 201361818, March 14, 2013. O�cial
Bulletin of Russian Agency for Patents and Trademarks, Federal
Service for Intellectual Property, 2013, No. 2. Series “Programs
for Computers, Databases, Topology of VLSI”. (in Russian)

59



A method of calculating faithful rounding
of l2-norm for n-vectors

Stef Graillat1, Christoph Lauter1, Ping Tak Peter Tang2,
Naoya Yamanka3 and Shin’ichi Oishi3

1 Sorbonne Universités 2 Intel Corporation 3 Faculty of Science
UPMC Univ Paris 06 2200 Mission College Blvd and Engineering
UMR 7606, LIP6 Santa Clara, CA 95054 Waseda University
4, place Jussieu USA 3-4-1 Okubo
F - 75005 Paris Tokyo 169-8555
France Japan

stef.graillat@lip6.fr, christoph.lauter@lip6.fr, peter.tang@intel.com,

yamanaka@suou.waseda.jp, oishi@waseda.jp

Keywords: Floating-point arithmetic, error-free transformations, faith-
ful rounding, 2-norm, underflow, overflow

In this paper, we present an e�cient algorithm to compute the

faithful rounding of the l
2

-norm,
qPn

j x
2

j , of a floating-point vector

[x
1

, x
2

, . . . , xn]T . This means that the result is accurate to within one
bit of the underlying floating-point type. The algorithm is also faithful
in exception generations: an overflow or underflow exception is gen-
erated if and only if the input data calls for this event. This new
algorithm is also well suited for parallel and vectorized implementa-
tions. In contrast to other algorithms, the expensive floating-point
division operation is not used. We demonstrate our algorithm with
an implementation that runs about 4.5 times faster then the netlib
version [1].

There are three novel aspects to our algorithm for l
2

-norms:
First, for an arbitrary real value �, we establish an accuracy con-

dition for a floating-point approximation S to � that guarantees the
correct rounding of the square root �(

p
S) to be a faithful rounding ofp

�.
Second, we propose a way of computing an approximation S to the

sum � =
P

j x
2

j that satisfies the accuracy condition. This summation
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algorithm makes use of error-free transformations [4] at crucial steps.
Our error-free transformation is custom designed for l

2

-norm computa-
tion and thus requires fewer renormalization steps than a more general
error-free transformation needs. We show that the approximation S is
accurate up to a relative error bound of �`(3"2), where " is the ma-
chine epsilon and �`(�) = `�/(1 � `�) bounds the accumulated error
over ` summation steps [3] for an underlying addition operation with a
relative error bound of �. Our derivation of � = 3"2 is an enhancement;
the standard bounds on � in the literature are strictly greater than 3"2.

Third, in order to avoid spurious overflow and underflow in the in-
termediate computations, our algorithm extends the previous work by
Blue [2]: the input data xj are appropriately scaled into “bins” such
that computing and accumulating their squares x2j are guaranteed ex-
ception free. While Blue uses three bins and the division operation,
our algorithm uses only two and is division free. These properties econ-
omize registers usage and improve performance. The claim of faith-
ful rounding and exception generation is supported by mathematical
proofs. The proof of faithful overflow generation is relatively straight-
forward, but that for faithful underflow generation requires consider-
ably greater care.
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Computer hardware manufacturers have shown little interest in im-
proving the validity of their numerics, and have accepted the hazards of
floating point arithmetic. However, they have a very strong and grow-
ing interest in energy e�ciency as they compete for the battery life of
mobile devices as well as the amount of capability they can achieve in
a large data center with strict megawatt-level power budgets. They
are also concerned that multicore parallelism is growing much faster
than algorithms can exploit. It may be possible to persuade manufac-
turers to embrace valid numerics not because of validity concerns but
because having valid numerics can solve energy/power and parallelism
concerns.

A new universal number format, the “unum”, allows valid (prov-
ably bounded) arithmetic with about half the bits of conventional IEEE
floating point on average; the bit reduction saves energy and power by
reducing the bandwidth and storage demands on the processor. It
also relieves the programmer from being an expert in numerical anal-
ysis, by automatically tracking the exact or ULP-wide inexact state of
each value and by promoting and demoting dynamic range and frac-
tion precision automatically. Unums pass the di�cult validity tests
published by Kahan, Rump, and Bailey. When used to solve physics
problems, such as nonlinear ordinary di↵erential equations, they also
expose a new source of massive parallelism in what were thought to be
highly serial time-dependent problems. Furthermore, because unum
arithmetic obeys associative and distributive laws, parallelization of
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62



algorithms does not produce changes in the answer from rounding er-
rors that unsophisticated programmers mistake for logic errors; this
further facilitates the use of parallel architectures.

The new format and the new algorithms that go with it have the
potential to completely disrupt the way computers are designed and
used for technical computing.
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Radius of nonsingularity of a square matrix is the minimal distance
to a singular matrix in the Chebyshev norm. More formally, for a
matrix A 2 Rn⇥n, the radius of nonsingularity [1,2] is defined by

d(A) := inf {" > 0; 9 singular B : |aij � bij|  " 8i, j}.

It has been shown [2,3] that this characteristic can be computed as

d(A) =
1

kA�1k1,1
, (1)

where k · k1,1 is a matrix norm defined as

kMk1,1 := max {kMxk
1

; kxk1 = 1} = max {kMzk
1

; z 2 {±1}n}.

Unfortunately, computing k·k1,1 is an NP-hard problem [2]. In fact,
provided P 6= NP no polynomial time algorithm for approximating
d(A) with a relative error at most 1

4n2 exists [3]. That is why there
were investigated various lower and upper bounds. Rohn [3] provided
the following bounds

1

⇢(|A�1|E)
 d(A)  1

max
i=1,...,n

(E|A�1|)ii
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On the other side, Rump [4, 5] developed other estimations
1

⇢(|A�1|E)
 d(A)  6n

⇢(|A�1|E)
.

We provide better bounds based on approximation of k ·k1,1. More
concretely, we propose a randomized approximation method with ex-
pected error 0.7834. The mentioned algorithm is based on a semidef-
inite relaxation of original problem [6]. This relaxation gives the best
known approximation algorithm for Max-Cut problem, and we utilize
similar principle to derive tight bounds on the radius of nonsingularity.
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1 Introduction

We propose a method of validated computation to verify a domain
within a basin of a closed orbit, which is asymptotic stable in a dynam-
ical system described by ODEs. This method proves a contractibility
of Poincaré map.

2 Problem

We treat ordinary di↵erential equations

du

dt
= f(u), 0 < t < 1, (1)

u 2 D ⇢ Rn,f : D 7! Rn,

where f(u) is continuously di↵erentiable with respect to u.
In order to specify a time period T explicitly, we apply variable

transformation by s =
t

T
and v(s) = u(Ts), then get an expression

(
dv

ds
= Tf(v), 0 < s < 1,

v(0) = v(1),
(2)
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for a closed orbit. We define a unit vector n

�

together with � as a
Poincaré section, which is a plain perpendicular to n

�

. Additionally
'(T,w) is defined as the point of the trajectory at s = 1 with an initial
value w and a period T .

3 Our idea for verification of a basin

Using a projection P
�

of (T,v(1)) to (T,�) which is defined by

P
�

= I � 1

n

�

T
n

�

✓
0
n

�

◆�
0,n

�

T
�
,

we prove the contractibility of the Poincaré map in [W ] which is a set
of points on �. In verification process we compute 2-norm of a certain
matrix which comes from an operator P

�

'(T,w) and verify the norm
is less than 1 by validated computation. Consequently we prove that
[W ] is included by a basin of a limit cycle.

In actual calculation, we use numerical verification technique, e.g.
Lohner method, mean value form and so on. Especially, an e�cient
method is adopted which is developed by P.Zgliczyński, so calloed C1-
Lohner method.

We will present numerical examples in our talk.
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[2] Zgli P.Zgliczyński, C1-Lohner algorithm, Found.Comput.Math.,
2 (2002), 429-465

67



Optimal preconditioning for the interval
parametric Gauss–Seidel method

Milan Hlad́ık
Charles University, Faculty of Mathematics and Physics, Department

of Applied Mathematics
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Consider an interval parametric system of linear equations

A(p)x = b(p), p 2 p,

where the constraint matrix and the right-hand side vector linearly
depends on parameters p

1

, . . . , pK as follows

A(p) =
KX

k=1

Akpk, b(p) =
KX

k=1

bkpk.

Herein, A1, . . . , AK 2 Rn⇥n are given matrices, b1, . . . , bK 2 Rn are
given vectors, and p = (p

1

, . . . ,pK) is a given interval vector. The
corresponding solution set is defined as

{x 2 Rn; 9p 2 p : A(p)x = b(p)}.

Various methods for computing an enclosure to the solution set exist
[1]. In our contribution, we focus on the interval Gauss–Seidel iteration
[4]. In particular, we will be concerned with the problem of determin-
ing an optimal preconditioner that minimizes either the widths of the
resulting intervals, or their upper/lower bounds. A preconditioner is a
matrix C 2 Rn⇥n, by which the system is pre-multiplied

CA(p)x = Cb(p), p 2 p.
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Usually, the midpoint inverse A(pc)�1 is chosen since it performs well
practically, but it needn’t be the optimal choice.

The problem of computing an optimal preconditioner for linear
non-parametric interval systems was studied, e.g., in [2, 3]. In our
paper, we will extend some of their results for the parametric systems.
We will show that optimal preconditioners can be computed by solving
suitable linear programs using approximately Kn variables and similar
number of constraints, which means that the problem is polynomially
solvable.

We also show by several examples that, in some cases, such optimal
preconditioners are able to significantly decrease overestimation of the
enclosures computed by common methods.
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By an overdetermined interval linear system (OILS) we mean an in-
terval linear system with more equations than variables. By a solution
set of an interval linear system Ax = b we mean

⌃ = {x | Ax = b for some A 2 A, b 2 b},

where A is an interval matrix and b is an interval vector. If ⌃ is an
empty set, we call the system unsolvable. It is appropriate to point
out that this approach is di↵erent from the least squares method.

The set ⌃ is usually hard to be described. That is why it is of-
ten enclosed (among other possibilities) by some n-dimensional box.
Computing the tightest possible box (interval hull) containing ⌃ is
NP-hard. Therefore, we usually compute in polynomial time a slightly
bigger box containing the interval hull (interval enclosure). For more
see [2].

There exist many methods for computing interval enclosures of
OILS see e.g, [1]. Nevertheless, many of them return nonempty so-
lution set even if the OILS has no solution (e.g., if we use the interval
least squares as an enclosure method). In some applications we do
care whether systems are solvable or unsolvable (e.g. system valida-
tion, technical computing).

Unfortunatelly, deciding whether an interval system is solvable is
an NP-hard problem. There exist some results for square systems (i.e,
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systems where A in Ax = b is a square matrix) like [3]. In our talk we
would like to address the solvability and unsolvability of OILS. There
is a lack of necessary and su�cient conditions for detecting solvability
and unsolvability of OILS. We would like to present some newly de-
veloped conditions and algorithms concerning these problems. We will
test the strength of various conditions numerically and nicely visualize
the results.
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1 Introduction

A dynamic system can often be described by a state equation ẋ =
h(x,u, t) where x 2 Rn is the state vector, u 2 Rm is the control
vector and h : Rn ⇥ Rp ⇥ R ! Rn is the evolution function. As-
sume that the control low u = g (x, t) is known (this can be obtained
using control theory), the system becomes autonomous. If we define
f (x, t) = h (x,g (x, t) , t), we get the following equation.

ẋ = f (x, t) .

The validation of some stability properties of this system is an impor-
tant and di�cult problem [2] which can be transformed into proving
the inconsistency of a constraint satisfaction problem. For some par-
ticular properties and for invariant system (i.e., f does not depend on
t), it has been shown [1] that the V-stability approach combined inter-
val analysis [3] can solve the problem e�ciently. Here, we extend this
work to systems where f depends on time.
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2 Problem statement

Consider an autonomous system described by a state equation ẋ =
f (x, t). A tube G(t) is a function which associates to each t 2 R a
subset of Rn. A tube G(t) is said to be a capture tube if the fact that
x(t) 2 G(t) implies that x(t + t

1

) 2 G(t + t
1

) for all t
1

> 0. Consider
the tube

G (t) = {x,g (x, t)  0} (1)

where g : Rn ⇥ R ! Rm. The following theorem, introduced recenltly
[4], shows that the problem of proving that G (t) is a capture tube can
be cast into solving a set of inequalities.

Theorem. If the system of constraints
8
<

:

(i) @gi
@x (x, t) .f(x, t) + @gi

@t (x, t) � 0
(ii) gi (x, t) = 0
(iii) g (x, t)  0

(2)

is inconsistent for all x, all t � 0 and all i 2 {1, . . . ,m} then G (t) =
{x,g (x, t)  0} is a capture tube.

3 Computing capture tubes

If a candidate G (t) for a capture tube is available, we can check that
G (t) is a capture tube by checking the inconsistency of a set of nonlin-
ear equations (see the previous section). This inconsistency can then
easily be checked using interval analysis [3]. Now, for many systems
such as for non holonomous systems, we rarely have a candidate for
a capture tube and we need to find one. Our main contribution is to
provide a method that can help us to find such a capture tube. The
idea if to start from a non-capture tube G(t) and to try to characterize
the smallest capture tube G+(t) which encloses G(t). To do this, we
predict for all (x, t), that are solutions of (2), a guaranteed envelope for
trajectory within finite time-horizon window [t, t+ t

2

] (where t
2

> 0 is
fixed). If all corresponding x(t+t

2

) belongs to G(t+t
2

), then the union
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of all trajectories and the initial G (t) (in the (x, t) space) corresponds
to the smallest capture tube enclosing G (t).
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Rounding error analyses of numerical algorithms are most often
carried out via repeated applications of the so-called standard models
of floating-point arithmetic. Given a round-to-nearest function fl and
barring underflow and overflow, such models bound the relative errors
E

1

(t) = |t�fl(t)|/|t| and E
2

(t) = |t�fl(t)|/|fl(t)| by the unit roundo↵ u.
This talk will investigate the possibility of refining these bounds,

both in the case of an arbitrary real t and in the case where t is the
exact result of an arithmetic operation on some floating-point numbers.
Specifically, we shall provide explicit and attainable bounds on E

1

(t),
which are all less than or equal to u/(1 + u) and, therefore, smaller
than u. For E

2

(t) we will see that the situation is di↵erent and that
optimal bounds can or cannot equal u, depending on the operation and
the floating-point radix.

Then we will show how to apply this set of sharp bounds to the
rounding error analysis of various numerical algorithms, including sum-
mation, dot products, matrix factorizations, and complex arithmetic:
in all cases, we obtain much shorter proofs of the best-known error
bounds for such algorithms and/or improvements on these bounds
themselves.
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In recent years, ARM-based SoCs have a rapid evolution. The
promising qualities, such as competitive performance and energy e�-
ciency, make ARM-based SoCs the candidates for the next generation
High Performance Computing (HPC) system [1]. For instance, sup-
ported by the Mont-Blanc project, Barcelona Supercomputing Center
builds the world’s first ARM-based HPC cluster–Tibidabo. Recently,
the new 64-bit ARMv8 instruction set architecture (ISA) improves
some important features including using 64-bit addresses, introducing
double-precision floating point in the NEON vector unit, increasing the
number of registers, supporting fused multiply-add (FMA) instruction,
etc. Hence, it shows increasing interest to build the HPC system with
ARMv8-based SoC.

In HPC, large-scale and long-time numerical calculations often pro-
duce inaccurate and invalidated results owing to cancellation from
round-o↵ errors. In the cases above, double precision accuracy is not
su�cient, then higher precision is required. Some high precision em-
ulation softwares, such as MPFR, GMP and QD library, perform well
for some applications. BLAS is the fundamental math library. To
improve it’s accuracy, M. Nakata designed MBLAS [2] based on the
three high precision libraries above, and some other researchers did
the similar researches on GPUs. All the high precision BLAS libraries
above are independent of the computer architectures. Hence, in some
platforms, they can not achieve the optimal performance of processors.
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Matrix-matrix multiplication (GEMM) is the basic function in the
level-3 BLAS. In this paper, we present the first implementation of the
quad precision GEMM (QGEMM) on ARMv8 64-bit multi-core pro-
cessor. We utilize double-double type format to store the quadruple
precision floating point value. We choose the blocking and packing al-
gorithms and parallelism method from GotoBLAS [3]. We propose the
optimization model with the purpose of maximizing the compute-to-
memory access ratio to construct the inner kernel of QGEMM. Con-
sidering the double-double format and the 128-bit vector register in
ARMv8 64-bit processor, we let one vector register store one double-
double floating point value to save the memory space. As each ARMv8
64-bit processor core contains 32 vector registers, we choose the 4x2
register blocking. The basic segment of the inner kernel is the prod-
uct of two double-double values adding a double-double value. With
error-free transformation, we implement this segment in the assem-
bly language, using ARM 64-bit memory accessing instruction, cache
pre-fetching instruction and FMA instruction. Considering the data
dependency, we reorder the instruction and unroll the loop to perform
calculation in parallel. The numerical results show that our imple-
mentation shows better performance than MBLAS on ARMv8 64-bit
processor.
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In branch and bound algorithms for constrained global optimiza-
tion, an acceleration technique is to construct regions x around local
optimizing points x̌, then delete these regions from further search. The
result of the algorithm is then a list these constructed small regions
in which all globally optimizing points must lie. If the constructed
regions are too small, the algorithm will not be able to easily reject
adjacent regions in the search, while, if the constructed regions are too
large, the set of optimizing points is not known accurately. We briefly
review previous methods of constructing boxes about approximate op-
timizing points. We then derive a formula for determining the size of
a constructed solution-containing region, proportional to the smallest
radius ✏ of any box generated in the branch and bound algorithm. We
prove that, if a box of this size is constructed, adjacent regions of ra-
dius ✏ on qualifying faces will necessarily be rejected, without the need
to actually process them in the branch and bound algorithm. Based on
this, we propose a class of algorithms that construct exclusion boxes
from concentric shells of small boxes of increasing size surrounding the
initial exclusion box x. The behavior of such algorithms would be more
predictable and controllable than use of branch and bound algorithms
without such auxiliary constructions.
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In this talk, we consider several kinds of constructive a posteriori
estimates for the inverse linear elliptic operator. We show that the
computational costs depend on the concerned elliptic problems as well
as the approximation properties of used finite element subspaces, e.g.,
mesh size or so. Also, we propose a new estimate which is e↵ective for
an intermediate mesh size. Moreover, we describe some results on the
asymptotic behaviour of the approximate inverse estimates. Numerical
examples which confirm us these facts are presented.
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We present computer-assisted proof for the global uniqueness of
Stokes’ wave of extreme form. The gravity and the surface tension
have much influence on the form of water waves. Assuming that the
flow is infinitely deep, the gravitational acceleration is a unique exter-
nal force of the system and the wave profile is stationary, we obtain
Nekrasov’s equation[1]. In particular, a positive solution of Nekrasov’s
equation corresponds to a water wave which has just one peak and
one trough per period. Stokes’ wave of extreme form has a sharp crest
and is considered to be the limit of the positive solution of Nekrasov’s
equation with respect to parameters such as gravity, wave length, and
wave velocity.

Stokes’ wave of extreme form is obtained by the following nonlinear
integral equation for the unknown ✓ : (0, ⇡] ! R:

8
>>>><

>>>>:

✓(s) =
1

3⇡

Z ⇡

0

log

����
sin s+t

2

sin s�t
2

���� ·
sin ✓(t)

R t

0

sin ✓(w)dw
dt,

0 < ✓(s) <
⇡

2
s 2 (0, ⇡),

✓(⇡) = 0.

The wave profile of Stokes’ wave of extreme form is represented as
(x(s), y(s)) (0 < s < 2⇡), where x and y are determined by

dx

ds
= � L

2⇡
e�H✓(s) cos ✓(s),

dy

ds
= � L

2⇡
e�H✓(s) sin ✓(s).
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Here, L is the wavelength and H is the Hilbert transform.
Although the existence of Stokes’ wave of extreme form has been

proved[2], the global uniqueness had not been proved for long time. We
suppose it is almost 30 years during which a lot of e↵orts were devoted
in order to solve the problem. Finally we proved the global uniqueness
in 2010 [3] and published the summarized version in 2013 [4].

The uniqueness of Stokes’ wave concerns the second Stokes’ conjec-
ture[5] which has been a longtime open problem for 130 years. The sec-
ond conjecture supposed that the profile of Stokes’ wave between two
consecutive crests should be downward convex. Existence of Stokes’
wave of extreme form which has the profile of downward convex was
proved in 2004 [6]. Therefore, the complete settlement of the second
Stokes’ conjecture was brought by our result.
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The interpolations and their error estimations are important fun-
damentals for, in particular, the finite element error analysis. Let
K ⇢ R2 be a triangle with apices xi, i = 1, 2, 3. Let P

1

be the set of
all polynomials whose degree is at most 1. For a continuous function
v 2 C0(K), the linear interpolation I1

Kv 2 P
1

is defined by

(I1

Kv)(xi) = v(xi), i = 1, 2, 3.

It has been known that we need to impose a geometric condition
to K to obtain an error estimation of ku� I1

Kuk1,2,K . One of the well-
known such conditions is the following. Let hK be the diameter of
K.

• The maximum angle condition, Babuška-Aziz [1], Jamet [2]
(1976). Let ✓

1

, 2⇡/3  ✓
1

< ⇡, be a constant. If any angle ✓ of K
satisfies ✓  ✓

1

and hK  1, then there exists a constant C = C(✓
1

)
independent of hK such that

kv � I1

Kvk1,2,K  ChK |v|2,2,K , 8v 2 H2(K).
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Since its discovery, the maximum angle condition was believed to be
the most essential condition for convergence of solutions of the finite
element method.

Recently, we obtained the following error estimate which is more
essential than the maximum angle condition. Let RK be the circum-
radius of K.

• The circumradius condition, Kobayashi-Tsuchiya [3] (2014).
For an arbitrary triangle K with RK  1, there exists a constant
Cp independent of K such that the following estimate holds :

kv � I1

Kvk1,p,K  CpRK |v|2,p,K , 8v 2 W 2,p(K), 1  p  1.

We have also pointed out that the circumradius condition is closely
related to the definition of surface area [4]. In this talk we will explain
the circumradius condition and the related topics. We will also mention
recent developments on the subject.
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circumradius condition, Japan J. Indus. Appl. Math., 31 (2014)
193–210

[4] K. Kobayashi, T. Tsuchiya, On the circumradius condition for
piecewise linear triangular elements, submitted, arXiv:1308.2113

[5] X. Liu, F. Kikuchi, Analysis and estimation of error constants for
P
0

and P
1

interpolations over triangular finite elements, J. Math.
Sci. Univ. Tokyo, 17 (2010) 27–78

86



Implementing
the Interval Picard Operator
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Edalat & Pattinson give an elegant constructive description of the
exact solutions of Lipschitz ODE IVPs based on an interval Picard
operator [1]. We build on this theoretical work and propose a verifiable
and practically useful method for validated ODE solving. In particular,
this method

• is very simple;

• is correct by construction in a strong sense;

• produces arbitrarily precise results;

• works for problems with uncertain initial values;

• produces tight enclosures for non-trivial problems.

Simplicity, correctness by construction and arbitrary precision are prop-
erties that our method inherits from Edalat & Pattinson’s work.

We employ a number of ideas from established validated ODE solv-
ing approaches. Most importantly, we employ a function arithmetic
similar to Taylor Models (TMs) [2]. In our arithmetic, an enclosure
is formed by two independent polynomials, which makes it possible
to closely approximate interval functions of non-constant width. Such
functions arise naturally from the interval Picard operator.

To support problems with uncertain initial value, we borrow two
further techniques from TM methods. First, we enclose the (n+1)-ary
ODE flow instead of enclosing the union of the graphs of the unary
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ODE solutions over all initial values. Second, we use a version of
shrink-wrapping [3] to minimize the loss of information between steps.

We demonstrate that our implementation of the method is capable
of enclosing solutions of non-smooth ODEs and classical examples of
non-linear systems, including the Van der Pol system and the Lorenz
system with uncertain initial conditions. While our method is not at-
tempting to compete with mature systems such as COSY and VNODE
in terms of speed and power, we believe it is a theoretically pleasing and
easily verifiable alternative worth exploring and testing to its limits.
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Interval branch-and-bound type methods can be used to sovle vari-
ous problems, in particular: equations systems, constraint satisfaction
problems, global optimization, Pareto sets seeking, Nash points and
other game equilibria seeking and other problems, e.g., seeking all lo-
cal (but non-global) optima of a function.

We show that each of these problems can be expressed by a specific
kind of first-order logic formula and investigate, how this a↵ects the
structure of the algorithm and used tools. In particular, we discuss
several aspects of parallelization of these algorithms.

The focus is on seeking game equilibria, that is a relatively novel
application of interval methods.

Invited talk

89



Applied techniques of interval
analysis for estimation
of experimental data

S. I. Kumkov1

Institute of Mathematics and Mechanics UrB RAS
16, S.Kovalevskaya str., 620990, Ekaterinburg, Russia

Ural Federal University, Ekaterinburg, Russia
kumkov@imm.uran.ru

Keywords: interval analysis, estimation, experimental data

In practice of processing experimental data with bounded measur-
ing errors and unknown probabilistic characteristics, interval analysis
methods [1,2] are successfully applied in contrast to statistical ones.
Moreover, using the concrete properties of the process, it becomes pos-
sible to elaborate more e↵ective procedures that ones based the box-
techniques [1,2]. The paper deals with adjusting the interval analysis
methods to practical processing the experimental chemical processes
[3,4]. Here, two version of description the processes are considered.
In the first version, an analytical function with parameters to be esti-
mated is used, In the second one, a system of the process kinetic system
of ordinary di↵erential equations with parameters is used. Also, short
samples of measurements with bounded errors are given.

The problem of estimation is formulated as follows: it is neces-
sary to estimate the set of admissible values of the process parameters
consistent with the given process description and input data.

In the first version, the experimental process is described by the
function S(t, V,↵, BG) = V exp(↵t) + BG, where, t is the process
time, ↵, V, BG are parameters. Here, the sought-for information set
I(↵, lnV,BG) is constructed (Fig.1a) as a collection of two-dimensional
cross-sections {I(↵, lnV,Bn)}, n = 1, 101 on the grid {Bn}. The cross-
sections are convex polygons with exact linear boundaries. The exam-
ple of a middle cross-section is marked by the thick boundary.

1
The work was supported by the RFBR Grants, nos. 12-01-00537 and 13-01-96055
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In the second practical example, the process is described by the
kinetic system of ordinary di↵erential equations:
ẋ
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is the phase vector, K
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are parameters to be
estimated. To construct the informational set, the three–dimensional
(on parameters K

1

, K
2
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) grid-wise approach was used. The infor-
mation set I(K

1

, K
2

, K
3

) is represented (Fig.1b) by a collection of two-
dimensional cross-sections {I(K

1,k, K2,m, K3,n)}, k = 1, 51, m = 1, 101,
n = 1, 101 on the tree-dimensional grid. The cross-sections are non-
convex polygons with approximate grid-wise boundary. Note that the
grid techniques allows to construct this collection to be a “practically
maximal” internal approximation of the set I(K

1

, K
2

, K
3

).
Note that both used approaches works significantly faster and gives

more accurate results than ones based on application of usual box-
parallelotopes [1,2].
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The collection of codes that give the value of the elementary mathe-
matical function (e.g. sin, exp) is called a mathematical library. There
are several existing examples of such libraries, libms, but they all con-
tain only manually implemented codes, i.e. written long time ago and
non-adapted for particular tasks [1]. The existing implementations are
a compromise between speed, accuracy and portability [2]. In order to
produce di↵erent flavors of implementation for each elementary func-
tion (e.g. fast or precise), we use Metalibm1, an academic prototype
for a parametrized code generator of mathematical functions.

Metalibm splits the specified domain I for the function implemen-
tation in order to reduce argument range [3], hence we get the splitting
{Ik}

0kn�1

. Then on each of the subdomains Metalibm approximates
the given function with a minimax polynomial. Thus, in order to get
the value f(x) for a particular input x, one has to get the correspond-
ing polynomial coe�cients. This means first determinating the index
k 2 Z of the subinterval: Ik 3 x, 8x 2 I. Typically this is done with
if -statements. To avoid branches on this step we propose to build a
mapping function P (x) that returns the needed interval index k.

We propose to build a continuous function p(x) such that bp(x)c =
P (x). The splitting intervals can be represented as Ik = [ak, ak+1

]. As

1
http://lipforge.ens-lyon.fr/www/metalibm/
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we want the function to verify bp(x)c = P (x), we get the following
conditions for its values:

p(x) 2 [k, k + 1) when ak  x  ak+1

, 0  k  n� 1. (1)

Among the continuous functions we choose the interpolation polynomi-
als which pass through the split points and take the values p(ak) = k.
However, classical interpolation theory does not allow us to take into
account the conditions (1), so they are checked a posteriori. This veri-
fication can reliably be done using interval arithmetic implemented in
Sollya2.

First testing results of the proposed method show that it is possible
to build a mentioned mapping function with an interpolation polyno-
mial and a posteriori condition check. However, sometimes the values
of the polynomial exceed the required bounds.

In order to take into account the conditions (1) a priori we could
also find the tolerable solution set [3] of the interval system of linear
algebraic equations Ac = k, where A is Vandermonde matrix com-
posed of splitting intervals, k is an interval vector of allowable values
for the function. The system solution c will give the set of the possible
polynomial coe�cients. Constructing polynomials by solving linear
tolerance problem [3] is left for future work.

References:

[1] Jean-Michel Muller, Elementary Functions: Algorithms and
Implementation, Birkhäuser, Boston, 1997.
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By using finite element methods(FEM), we develop a new theorem
to give verified eigenvalue bounds for generally defined self-adjoint dif-
ferential operators, which includes the Laplace operator, the Bihar-
monic operators and so on. The explicit a priori error estimations
for conforming and non-conforming FEMs play an import role in con-
structing explicit lower eigenvalue bounds. As a feature of proposed
theorem, it can even give bounds for eigenvalues that the corresponding
eigenfunctions may have a singularity.

We consider the eigenvalue problem in an abstract form. Let V
be a Hilbert function space and V h be a finite dimensional space,
Dim(V h) = n. Here, V h may not be a subspace of V . Suppose M(·, ·),
N(·, ·) are semi-positive symmetric bilinear forms on both V and V h.
Moreover, for any u 2 V or V h, N(u, u) � 0 implies u = 0. Define
norm | · |N and semi-norm | · |M by, | · |M :=

p
M(·, ·), | · |N :=

p
N(·, ·).

We consider an eigenvalue problem defined by the bilinear formsM(·, ·)
and N(·, ·): Find u 2 V and � 2 R such that,

M(u, v) = �N(u, v) 8v 2 V. (1)

With proper setting of M and N , the main theorem to provide lower
eigenvalue bounds is given as below.

Theorem 1 Let Ph : V ! V h be a projection such that,

M(u� Phu, vh) = 0 8vh 2 V h , (2)

94



along with an error estimation as

|u� Phu|N  Ch|u� Phu|M . (3)

Then we have lower bounds for �k’s,

�h,k
1 + �h,kC2

h

 �k (k = 1, 2, · · · , n) . (4)

The concrete form of projection Ph and the value of constant Ch,
which tends to 0 as mesh size h ! 0, are depending on the FEM spaces
in use. In case of the eigenvalue problems of Laplacian, a new method
based on hyper-circle equation for conforming FEM spaces is devel-
oped to give an explicit bound for the constant Ch; see [1]. Generally,
by using proper non-conforming FEMs, the projection Ph is just an
interpolation operator and the constant Ch can be easily obtained by
considering the interpolation error estimation on local elements.

To impove the precision of eigenvalue bounds, we combine lower
eigenvalue bounds of Theorem 1 and Lehmann-Goerisch’s theorem to
give sharp bounds; see [2]. Also, the explicit a priori error estimation
for FEMs has been successfully applied to verify the solution existence
for semi-linear elliptic partial di↵erential equations [3].
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Applications of interval computations usually assume that while
we only know an interval [x, x] containing the actual (unknown) value
of a physical quantity x, there is the exact value x of this quantity –
and that in principle, we can get more and more accurate estimates of
this value. This assumption is in line with the usual formulations of
physical theories – as partial di↵erential equations relating exact values
of di↵erent physical quantities, fields, etc., at di↵erent spatial locations
and moments of time; see, e.g., [2]. Physicists know, however, that
due, e.g., to Heisenberg’s uncertainty principle, there are fundamental
limitations on how accurately we can determine the values of physical
quantities [2, 5].

One of the important principles of modern physics is operationalism
– that a physical theory should only use observable quantities. This
principle is behind most successes of the 20 century physics, starting
with relativity theory (vs. un-observable aether) and quantum mechan-
ics. From this viewpoint, it is desirable to avoid using un-measurable
exact values and modify physical theories so that they explicitly take
objective uncertainty into account.

According to quantum physics, we can only predict probabilities of
di↵erent events. Thus, uncertainty means that instead of exact values
of these probabilities, we can only determine intervals; see, e.g., [3].

From the observational viewpoint, a probability measure means
that we observe a sequence which is random (in Kolmogorov-Martin-
Löf (KML) sense) relative to this measure. What we thus need is
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the ability to describe a sequence which is random relative to a set of
possible probability measures. This is not easy: in [1, 4], we have shown
that in seemingly reasonable formalizations, every random sequence is
actually random relative to one of the original measures. Now we know
how to overcome this problem: for example, for a sequence of events
!
1

!
2

. . . occurring with the interval probability [p, p], we require that
this sequence is random relative to a product measure corresponding
to some sequence of values pi 2 [p, p] – and that it is not random in
this sense for any narrower interval. We show that this can be achieved
when lim inf pi = p and lim sup pi = p.

We also analyze what will happen if we take into account that in
physics, not only events with probability 0 are physically impossible
(this is the basis of KML definition), but also events with very small
probability are impossible (e.g., it is not possible that all gas molecules
would concentrate, by themselves, in one side of a vessel).
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There are two main reasons why decision making is di�cult. First,
we need to take into account many di↵erent factors, there is usually a
trade-o↵. For example, shall we stay in a slightly better hotel or in a
reasonably good cheaper one?

But even when we know how to combine di↵erent factors into a
single objective function, decision making is still di�cult because of
uncertainty. For example, when deciding on the best way to invest
money, the problem is that we are not certain which financial instru-
ment will lead to higher returns.

Let us use economic ideas to solve such economic problems: namely,
let us assign a fair price to each case of uncertainty.

What does “fair price” mean? One of the reasonable properties is
that if v is a pair price for an instrument x and v0 is a fair price for an
instrument x0, then the fair price for a combination x+x0 of these two
instruments should be equal to the sum of the prices.

In [3], this idea was applied to interval uncertainty [4], for which
this requirement takes the form v([x, x]+[x0, x0]) = v([x, x])+v([x0, x0]).
Under reasonable monotonicity conditions, all such functions have the
form v([x, x]) = ↵·x+(1�↵)·x for some ↵ 2 [0, 1]; this is a well-known
Hurwicz criterion.
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In this talk, we show that for sets S, we similarly get v(S) =
↵ · supS + (1� ↵) · inf S.

For probabilistic uncertainty, for large N , buying N copies of this
random instrument is equivalent to buying a sample ofN values coming
from the corresponding probability distribution. One can show that
for this type of uncertainty, additivity implies that the fair price should
be equal to the expected value µ.

A similar idea can be applied to finding the price of a p-box (see,
e.g., [1, 2]), a situation when, for each x, we only know an interval
[F (x), F (x)] containing the actual (unknown) value

F (x) = Prob(⌘  x)

of the cumulative distribution function. In this case, additivity leads
to the fair price ↵ · µ+ (1� ↵) · µ, where [µ, µ] is the range of possible
values of the mean µ.

We also come up with formulas describing fair price of twins (in-
tervals whose bounds are only known with interval uncertainty) and
of Kaucher (improper) intervals [x, x] for which x > x.
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A number of applications use GPS-based localization for a variety
of purposes, such as navigation of cars, robots or to localize images.
Global Positioning System receivers usually report an error magni-
fication factor as a ratio of output variables and input parameters
as Geometric/Positional/Horizontal/Vertical/ Time Dilution of Preci-
sion (XDOP) using one- to four-dimensional coordinate systems. Over
time, various algorithmic approaches have been developed to compen-
sate for errors due to environmental disturbances and uncertain pa-
rameters occurring in GPS signal measurement, such as an adaptive
Kalman filter-based approach that was implemented using a fuzzy logic
inference system, or by combining GPS measurements with further
sensory data. In terms of querying GPS-based data, less work can be
found that takes the uncertain characteristic of GPS data into account,
especially if semantic querying mechanisms are involved.

In this talk we highlight new verified method for uncertain (GPS-
)localization based on Dempster-Shafer theory (DST) [1], with multidi-
mensional and interval-valued basic probability assignments (nDIBPA)
and masses estimated via statistical observations or/and expert knowl-
edge. In order to define and work with these focal elements, we ex-
tended the Dempster-Shafer with Intervals (DSI) toolbox by adding
functions that provide the capability to compute imprecise
(GPS-)localization.
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Besides aggregation and normalization methods on 2DIBPAs as
well as plausibility (PL) and belief (BEL) interval functions, the DSI
toolbox provides discrete interval generalizations of the normal and
Weibull distribution with compact support and interval-valued param-
eters to model the error of a GPS measurement
(http://udue.de/DSIexamples). Thus, an adequate error distribution
measured in radians, (x, y)- or (x, y, z)-coordinates can be assumed
via nDIBPAs, n = 1, 2, 3, using expert knowledge based on long-time
measurements or results reported in the literature, i.e., the Weibull
distribution for radial GPS position error.

In [2], we provide an extended example concerning localization and
alignment of a truck equipped with two GPS sensors at a given dis-
tance. Roughly speaking, the grid approach using 2DIBPAs is similar
to the Riemann integral concept using upper and lower sums. We ask
for inner and outer domains I and O, which contain all possible lo-
calizations of the object with a given high probability, and alignments
enclosed by a contour C situated in the shape S := O\I. The thickness
of the shape S depends on the sample size and the computing errors
when rounding to ±1. By summing up the lower mass bounds of all
focal elements in I and the upper bounds for focal elements constitut-
ing O, we acquire an enclosure for the BEL(Y ) and PL(Y ).

To dynamically generate X3D scenes, we use the Replicave frame-
work [3] –a Java based X3D and X3DOM toolkit for modeling of 3D
scenes–which can be interfaced by C and C++ via the Java Native
Interface (JNI) together with a layered visualization approach for vi-
sualizing map and terrain data and multiple 2D/3D overlays and grids
for visualizing information as demonstrated in [4].

To support queries of the type Are objects A and B in space C at
time T with a plausibility of 50 percent, we extended the GeoSPARQL
standard based on the ability of introducing DST models into the on-
tology as features of spatial objects and the set of custom SPARQL
and/or extensions of GeoSPARQL functions that should be able to
evaluate queries with uncertainty [5].

The main benefit our approach o↵ers for GIS applications is a
workflow concept using DST-based models that are embedded into
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an ontology-based semantic querying mechanism accompanied by 3D
visualization techniques. This workflow provides an interactive way
of semantically querying uncertain GIS models and providing visual
feedback.

Our future work consists in the final implementation and extension
of the di↵erent components of the workflow. Thanks to Nelson Baloian,
Gabor Rebner, Daniel Sacher, and Benjamin Weyers for preparing the
material during a stay at the University of Chile and to the DFG and
the DAAD for funding this cooperation within the SADUE13 and the
PRASEDEC projects.
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At nowadays semiconductor technologies, electronics circuits per-
formance is a↵ected by process variation. To accommodate for these
variation at design stage, it is normal to simulate the design several
times for several process corners. As well doing Monte Carlo simula-
tion to take random parameters variation into consideration. Large
number of runs are needed to have good results with Monte Carlo sim-
ulation. As an alternative to these simulations, range arithmetic may
be used to simulate variations in parameters.

Approaches use range arithmetic in circuit simulation, show good
results[1][2]. To complete the simulation flow, a set of device mod-
els should be available. These models should be able to work with
range arithmetic based simulator. For high level compact models, like
BSIM4, replacing the floating point calculation with interval ones is
not enough. Re-writing parts of the model is necessary to provide
correct results with the interval calculations.

In this work we evaluate compact models using range arithmetic.
We compare the results for accuracy, e�ciency and reliability when
using di↵erent representation of range arithmetic, interval and a�ne
arithmetic. Results are tested against point intervals data and Monte-
Carlo simulations.
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Let us consider the initial value problem y0(t) = f(y(t)), t  0,
y(0) = y

0

, where f : V ✓ RN ! RN is continuously di↵erentiable, and
assume that a unique solution exists for all u

0

2 V . A set C ✓ V is
called positively invariant w.r.t. f , if for all u

0

2 C the solution u(t)
stays in C for all t � 0. If C is convex and closed, then a su�cient con-
dition of C being positively invariant is the existence of a real positive "
constant such that for all v 2 C the containment relation v+"f(v) 2 C
holds.

For the discretized case, one can introduce the concept of discrete
positive invariance: Let us given f , y

0

, and a stepsize ⌧ > 0, and
denote a numerical integration scheme (e.g., one from the family of
Runga-Kutta methods) by �, i.e., y(i + 1) = �(y(i), ⌧, f), i = 0, . . .
A set C ✓ V is discrete positively invariant w.r.t. � with stepsize
constant ⌧ ⇤ > 0, if for all ⌧ 2 (0, ⌧ ⇤] and for all y(0) 2 C the relation
y(i+ 1) 2 C holds for i = 0, . . . Finding discrete positively invariant
sets and large stepsize constants may be essential for carrying out long-
term integration in an e�cient way, especially for sti↵ problems.

In both the continuous and the discrete cases, the related basic
problem is the following: given F : V ✓ RN ! RN , C ✓ V , and a
constant " > 0, decide whether v + "F (v) 2 C for all v 2 C. That is,
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we have to verify a mathematical property in all points of a given set,
hence, for tackling the problem on a computer we need interval-based
reliable numerical algorithms. In the talk we show how to translate the
above decision problem into a set of global optimization problems when
C is box-shaped, and solve them with an interval branch-and-bound
algorithm. Furthermore, we introduce a reliable method for finding
boxes that are positively invariant for given F and ", and an algorithm
to find the maximal " for which a given C set is positively invariant.
The applicability and e�ciency of the methods are demonstrated on
(low-dimensional) sti↵ chemical reaction models.
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Given a regular real n⇥n interval matrix [A] and an interval vector
[b] with n components the well–known Oettli–Prager theorem describes
the solution set S = {x 2 Rn| Ax = b, A 2 [A], b 2 [b] } by means of
the vector inequality

|b̌� Ǎx|  rad([A]) · |x|+ rad([b]), (1)

i.e., the statements ‘x 2 S ’ and ‘ (1) holds for x 2 Rn ’ are equiva-
lent. Here, Ǎ, b̌ denote the midpoints of [A], and [b], respectively, and
rad([A]), rad([b]) denote their radii. Restricting A and [A] in S to be
symmetric leads to the symmetric solution set

S
sym

= {x 2 Rn| Ax = b, A = AT 2 [A] = [A]T , b 2 [b] } ✓ S

which is more complicated to be described. Starting with 1995 sev-
eral attempts were made to find such a description. They essentially
represented a way how to end up with a set of inequalities extending
that in (1); cf. for instance [1], [2], and [6]. It lasted up to 2008 until
Hlad́ık presented in [3] an extension comparable with (1). In [4] the
following more compact reformulation of [3] was stated:

x 2 S
sym

if and only if

|b̌� Ǎx|  rad([A]) · |x|+ rad([b]) as in (1)
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and

|xT (Dp �Dq)(b̌� Ǎx)|  |x|T · |Dp rad([A])� rad([A])Dq| · |x|
+ |x|T · |Dp �Dq| · rad([b]) (2)

for all vectors p, q 2 {0, 1}n\{0, (1, . . . , 1)T} such that p �
lex

q and
pT q = 0. Here Dv denotes a diagonal matrix Dv = diag(v) for
v = (vi) 2 Rn and ‘�

lex

’ denotes the strict lexicographic ordering
of vectors, i.e., u �

lex

v if for some index k we have ui = vi, i < k, and
uk < vk. At most (3n � 2n+1 + 1)/2 inequalities are needed in (2).

In our talk we review these inequalities, outline a proof in [4] dif-
ferent from that in [3] and indicate some ways from various authors
how to enclose S

sym

; cf. the survey [5].
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This talk is concerned with the problem of verifying the accuracy of
approximate solutions of linear systems. We propose a simple modified
method of calculating a componentwise error bound of the computed
solution, which is based on the following Rump’s theorem:

Theorem 1 (Rump [1, Theorem 2.1]) Let A 2 Rn⇥n and b, x̃ 2
Rn be given. Assume v 2 Rn with v > 0 satisfies u := hAiv > 0. Let
hAi = D � E denote the splitting of hAi into the diagonal part D and
the o↵-diagonal part �E, and define w 2 Rn by

wk := max
1in

Gik

ui
for 1  k  n,

where G := I � hAiD�1 = ED�1 � O. Then A is nonsingular, and

|A�1b� x̃|  (D�1 + vwT )|b� Ax̃|. (1)

In particular, the method based on Theorem 1 is implemented in the
routine verifylss in INTLAB Version 7 [2].

We modify Theorem 1 as follows:

Theorem 2 Let A, b, x̃, u, v, w be defined as in Theorem 1. Define
c := |b� Ax̃| and Ds := diag(s) where s 2 Rn with

sk := ukwk for 1  k  n.
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Then,

|A�1b� x̃|  (D�1 + vwT )(I +Ds)
�1c. (2)

Moreover,

|A�1b� x̃|  �v + (D�1 + vwT )(I +Ds)
�1(c� �u), (3)

where � := min
1in

ci
ui
.

Theorem 3 Let A, b, x̃, u, v, w be defined as in Theorem 1. Define
� := uwT � ED�1 and c := |b� Ax̃|. Then,

|A�1b� x̃|  (D�1 + vwT )(c� �(I � �)c). (4)

Moreover,

|A�1b� x̃|  �v + (D�1 + vwT )

min
�
c� �u, (c� �u� �(I � �)(c� �u))

�
, (5)

where � := min
1in

ci
ui
.

(3) and (5) always give better bounds than Theorem 1. Detailed
proofs will be presented. Numerical results will be shown to illustrate
the e�ciency of the proposed theorems.
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Given a nonsingular matrix A 2 Cn⇥n, a matrix X such that

AX2 = I,

where I is the n⇥n identity matrix, is called an inverse square root ofA.
The matrix inverse square root always exists for A being nonsingular,
and appears in important problems in science and technology, e.g., the
optimal symmetric orthogonalization of a set of vectors [1] and the
generalized eigenvalue problem [2]. Several numerical algorithms for
computing the matrix inverse square root have been proposed (see [1–
5], e.g.). It is known that the inverse square root is not unique (see [6],
in which the matrix square root is treated, but all considerations there
immediately carry over to the matrix inverse square root). If A has no
nonpositive real eigenvalues, the principal inverse square root (see [1])
can be defined by requiring that all the eigenvalues of X have positive
real parts. The principal inverse square root is of particular interest,
since this has important applications such as the matrix sign function,
the unitary polar factor and the geometric mean of two positive definite
matrices (see [7], e.g.).

In this talk, we consider enclosing the matrix inverse square root,
specifically, computing an interval matrix containing the inverse square
root using floating point computations. Frommer, Hashemi and Sab-
lik [8] have firstly proposed two such algorithms. In these algorithms,
numerical spectral decomposition of A is e↵ectively utilized, so that
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they require only O(n3) operations. The first algorithm computes the
interval matrix containing the inverse square root by enclosing a solu-
tion of the matrix equation F (X) = 0, where F (X) := XAX � I, via
the Krawczyk operator, and guarantees the uniqueness of the inverse
square root contained in the computed interval matrix. In the second
algorithm, an a�ne transformation of F (X) = 0 making use of the
numerical results for the spectral decomposition is adopted. Although
this algorithm does not verify the uniqueness of the contained inverse
square root, the numerical results in [8] show that this algorithm usu-
ally computes narrower interval matrices and is successful for larger
dimensions than the first algorithm. As an application of these two
algorithms, the algorithms for enclosing the matrix sign function have
also been developed in [8].

The purpose of this talk is to propose an algorithm for enclosing the
matrix inverse square root. The proposed algorithm also utilizes the
spectral decomposition of A and requires only O(n3) operations. In
this algorithm, the a�ne transformation of F (X) = 0 and the Newton
operator is adopted in order to verify the existence of the inverse square
root in a candidate interval matrix, and the uniqueness is also verified
using the nontransformed equation. This algorithm moreover verifies
the principal property of the inverse square root uniquely contained
in the computed interval matrix by utilizing the theory in [9] which
enables us to enclose all eigenvalues of a matrix. We finally report
numerical results to observe the properties of the proposed algorithm.
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In this talk, we are concerned with the accuracy of numerically
computed solutions of saddle point linear systems

Hu = b, H :=

✓
A BT

B �C

◆
, u :=

✓
x
y

◆
, b :=

✓
f
g

◆
, (1)

where A 2 Rn⇥n, B 2 Rm⇥n, f 2 Rn and g 2 Rm are given, x 2 Rn

and y 2 Rm are to be solved, n � m, A is symmetric positive definite
(SPD), B has full rank, and C is symmetric positive semi-definite,
which implies that H is nonsingular. The systems (1) arise a variety
of science and engineering applications, including partial di↵erential
equations and optimization problems.

Let u⇤ = (x⇤
T
, y⇤

T
)T and ũ = (x̃T , ỹT )T denote the exact and nu-

merical solution of (1), respectively. We consider in this talk verified
computation of u⇤, specifically, computing rigorous upper bounds for
kũ� u⇤k1 using floating point operations.

The pioneering work has been given by Chen and Hashimoto [1].
They skillfully exploited the special structure of (1). Their result en-
ables us to avoid computing an approximation of H�1. Let

✓
rf
rg

◆
:=

✓
A BT

B �C

◆✓
x̃
ỹ

◆
�
✓

f
g

◆

be residual vectors. They have been presented the error estimation

kx̃� x⇤k
2

 kA�1k
2

(krfk2 + kBTk
2

kỹ � y⇤k
2

), (2)

kỹ � y⇤k
2

 ⇣(kBA�1k
2

krfk2 + krgk2), (3)
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where

⇣ :=
kAk

2

k(BBT )�1k
2

1 + kAk
2

k(BBT )�1k
2

�
min

(C)

and �
min

(C) denotes the smallest singular value of C. From (2) and
(3), we can obtain the upper bound for kũ� u⇤k1, since kũ� u⇤k1 =
max(kx̃� x⇤k1, kỹ� y⇤k1)  max(kx̃� x⇤k

2

, kỹ� y⇤k
2

). Substituting
(3) into (2), we obtain

kx̃� x⇤k
2

 kA�1k
2

((1+ ⇣kBTk
2

kBA�1k
2

)krfk2+ ⇣kBTk
2

krgk2). (4)

The important special case is when C = 0. We then have �
min

(C) = 0,
so that (3) and (4) give

kx̃� x⇤k
2

 kA�1k
2

(1 + kAk
2

kBTk
2

k(BBT )�1k
2

kBA�1k
2

)krfk2
+(A)kBTk

2

k(BBT )�1k
2

krgk2, (5)

kỹ � y⇤k
2

 kAk
2

k(BBT )�1k
2

(kBA�1k
2

krfk2 + krgk2), (6)

where (A) := kAk
2

kA�1k
2

. They have been proposed the verification
algorithms based on (5) and (6).

Hashimoto [2] has also treated the case when C = 0 and improved
(5) and (6). Since B has full rank, there exists a nonsingular m ⇥m
matrix LB such that LBLT

B = BBT . He has been presented the error
estimation

kx̃� x⇤k
2

 kA�1k
2

krfk2 + (A)kL�1

B rgk2, (7)

kLB(ỹ � y⇤)k
2

 (A)krfk2 + kAk
2

kL�1

B rgk2. (8)

From (8), we have

kỹ�y⇤k
2

 kL�1

B k
2

kLB(ỹ�y⇤)k
2

 kL�1

B k
2

((A)krfk2+kAk
2

kL�1

B rgk2).
(9)

The purpose of this talk is to present and propose error estima-
tions and verification algorithms in (1), respectively. Since A is SPD,
there exists a nonsingular n⇥ n matrix LA such that LALT

A = A. Let
L�1

A BT = QR be thin QR factorization of L�1

A BT , where Q 2 Rn⇥m

is column-orthogonal and R 2 Rm⇥m is upper triangular. Since LA is
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nonsingular and B has full rank, R is also nonsingular. We then derive
the error estimation

kx̃� x⇤k
2

 kL�1

A k
2

kL�1

A rfk2 + ⌘kA�1BTk
2

krgk2, (10)

kỹ � y⇤k
2

 ⌘(kBA�1rfk2 + krgk2), (11)

where

⌘ :=
kR�1k2

2

1 + kR�1k2
2

�
min

(C)
.

Let R�T := (R�1)T . When C = 0, we present the error estimation

kx̃� x⇤k
2

 kL�1

A k
2

(kL�1

A rfk2 + kR�Trgk2), (12)

kỹ � y⇤k
2

 kR�Tk
2

kL�1

A rfk2 + kR�1R�Trgk2. (13)

Let "CH , �CH , �CH0, "CH0, �H , "H , �M , "M , �M0 and "M0 be the right
hand sides of (3), (4), (5), (6), (7), (9), (10), (11), (12) and (13),
respectively. We prove �M  �CH , "M  "CH , �M0  �H  �CH0 and
"M0  "H  "CH0, and propose the verification algorithms based on
(12) and (13). These algorithms do not assume but prove that A is
SPD and B has full rank. Numerical results are finally reported to
show the properties of the proposed algorithms.
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Let ⌦ be a bounded polygonal or polyhedral domain in Rd (d =
1, 2, 3). Let V := H1

0

(⌦), X := L2(⌦) and V ⇤ := H�1(⌦). A dual
product between V and V ⇤ is defined by h·, ·i. The inner product in
X is denoted by (·, ·)X . In this talk, we consider the initial-boundary
value problem of heat equations:

8
<

:

@tu� �u = f(u) in (0,1)⇥ ⌦,
u(t, x) = 0 on (0,1)⇥ @⌦,
u(0, x) = u

0

(x) in ⌦,
(1)

where @tu := du
dt , f : V ! X is a Fréchet di↵erentiable nonlinear

function, and u
0

2 X is a given initial function. A : V ! V ⇤ is
defined by hAu, vi := (ru,rv)X for all v 2 V . Here, �A generates
an analytic semigroup {e�tA}t�0

. Letting n 2 N be a fixed natural
number, we divide the time: 0 = t

0

< t
1

< · · · < tn < 1. For
k = 1, 2, ..., n, we define Tk = (tk�1

, tk] and T =
S

Tk. The main aim
of this paper is to present a computer-assisted method of verifying local
existence and uniqueness of exact solution of (1) in the function space:

L1(T ;V ) :=

⇢
u : ess sup

t2T
ku(t)kV < 1

�
.
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Let ûk ⇡ u(tk) be the approximate solution by the finite element
method and the backward Euler method [1]. We construct an ap-
proximate solution ! denoted by

!(t) :=
nX

k=1

ûk�k(t), t 2 T,

where �k(t) is a piecewise linear Lagrange basis in Tk. We have the
following result with the semigroup thory and Banach’s fixed-point
theorem.

Theorem 1 (Verification principle) For t 2 Tk and v(t) 2 V , let
Bk(v, ⇠) be a ball centered at v with radius ⇠ in the norm k · kL1

(Tk;V )

.
Suppose that we have constants Lk(v, ⇠), �k and "k, defined by

Lk(v, ⇠) := sup
y2Bk(v,⇠),

w2V, kwkV =1

kf 0[y]wkL1
(Tk;X)

,

�k :=

����
ûk � ûk�1

⌧k
+Aûk � f(ûk)

����
V ⇤

, and "k := kûk � ûk�1

kV .

Also let us assume that �
min

> 0 is the minimal eigenvalue of A in V ⇤.

We denote ⌘ > 0 by ⌘ := 2
p

⌧k
e Lk(ûk, "k)"k + �k +

⇣
1 + 1�e�⌧k�min

⌧k�min

⌘
"k +

⇢k�1

, where e is Napier’s constant, ⇢
0

= 0. If ⇢k > 0 satisfies
2
p

⌧k
e Lk(!, ⇢k)⇢k + ⌘ < ⇢k, then the solution u(t) of (1) uniquely exists

in the ball Bk(!, ⇢k).
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Let ⌦ be a bounded polygonal or polyhedral domain in Rd (d =
1, 2, 3). Let V := H1

0

(⌦), X := L2(⌦) and V ⇤ := H�1(⌦). A dual
product between V and V ⇤ is defined by h·, ·i. The inner product in
X is denoted by (·, ·)X . In this talk, we consider the initial-boundary
value problem of heat equations:

8
<

:

@tu� �u = f(u) in (0,1)⇥ ⌦,
u(t, x) = 0 on (0,1)⇥ @⌦,
u(0, x) = u

0

(x) in ⌦,
(1)

where @tu := du
dt , f : V ! X is a Fréchet di↵erentiable nonlinear

function, and u
0

2 X is a given initial function. A : V ! V ⇤ is defined
by hAu, vi := (ru,rv)X for all v 2 V . Letting n 2 N be a fixed
natural number, we divide the time: 0 = t

0

< t
1

< · · · < tn < 1.
For k = 1, 2, ..., n, we define Tk = (tk�1

, tk] and T =
S
Tk. Let ûk ⇡

u(tk) be a fully discretized approximate solution obtained by the finite
element method and the backward Euler method [1]. We define an
approximate solution ! by

!(t) :=
nX

k=1

ûk�k(t), t 2 T,

119



where �k(t) is a piecewise linear Lagrange basis in Tk. By using !(t),
we have established a computer-assisted proof of local existence and
uniqueness of u(t). In this method, the precision of the error estimate
is slightly rough.

The topic of this talk is to derive a shaper error estimate by adding
some assumptions that the initial data u

0

2 V and f 0, which denotes
by a Fréchet derivative of f , is a local continuous function. The key
point of this talk is to use an ideal approximation: ū(t) defined by

ū(t) :=
nX

k=1

uk�k(t), t 2 T,

where uk 2 V satisfies an elliptic equation:
✓
uk � uk�1

⌧k
, v

◆

X

+ (ruk,rv) = (f(uk), v)X , 8v 2 V.

Then, we divide the error estimate into the following two parts:

ku� !kL1
(Tk;V )

 ku� ūkL1
(Tk;V )

+ kū� !kL1
(Tk;V )

.

First, we rigorously construct the ideal approximation ū(t) using the
framework of verified computations for elliptic equations, e.g. M. Plum
[3]. Next, by using ū, a local existence and uniqueness of u(t) is val-
idated by a computer-assisted method depending on Banach’s fixed-
point theorem and the semigroup theory [2]. Then, the sharper error
estimate is provided.
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Hidden Markov Models are important tools in statistics and applied
mathematics, with applications in speech recognition, physics, mathe-
matical finance and biology. The Hidden Markov Models we consider
here are formed by two discrete time and finite state stochastic pro-
cess. The first process is a Markov chain (A, ⇡) and is not observable
directly. Instead, we observe a second process B which is driven by
the hidden process. For instance, a Markov chain is a simple Hidden
Markov Model in which the observed process and the hidden process
are the same. These models have received much attention in the lit-
erature in the past forty years, and the book by Cappé[2] presents a
good didactic overview on the topic. From a historical perspective,
the seminal paper by Rabiner[1] provides a good motivation for this
subject.

In order to extract conclusions from a Hidden Markov Models we
must estimate the parameters defining the hidden process (A, ⇡) and
the observed process B. In this article we present e�cient global op-
timization techniques to estimate these parameters by maximum like-
lihood and compare our estimates with the ones obtained by the local
likelihood maximization methods already described in the literature.
Usually, this estimation problem is solved by local methods, like the
Baum-Welch algorithm. These methods are e�cient, however they
only find local maximizers and do not estimate the distance from the
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resulting parameters to global optima. Our work aims to improve this
situation in practice.

We develop a global optimization algorithm based on the classical
interval branch and bound framework described by Kearfott[3]. In a
successful execution, the algorithm is able to find a box with prescribed
width which rigorously contains at least one feasible point x⇤ for the
problem and such that x⇤ is a ✏�-global maximum. The objective
function and its derivatives are evaluated by the so called backward
recursion presented on Rabiner’s work. In order to obtain sharper esti-
mates of functions we do not evaluate them using the natural interval
extension. Instead, at each evaluation we solve a set of small linear
programs given by the backward recursion. We also try to improve the
lower bound for the maximum implementing a multi-start Baum-Welch
procedure. To handle the underflow problems which arise frequently
in the estimation problem for Hidden Markov models we derive a new
scaling scheme based on C + + functions scalbln and frexp. This
approach is significantly di↵erent from the literature where authors
suggests to take log of the objective function. We present numerical
experiments illustrating the e↵ectiveness of our method.
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[2] Cappé, Olivier and Moulines, Eric and Ryden, Tobias,
Inference in Hidden Markov Models (Springer Series in Statistics),
Springer-Verlag New York, Inc., 2005

[3] Kearfott, R. B., Rigorous Global Search: Continuous Problems,
Kluwer Academic Dordrecht, 1996

122



Toward hardware support for
Reproducible Floating-Point

Computation
Hong Diep Nguyen, James Demmel

University of California, Berkeley
Berkeley, CA 94720, USA

{hdnguyen,demmel}@eecs.berkeley.edu

Keywords: Reproducibility, Floating-point arithmetic, Hardware im-
plementation, Parallel Computation

Reproducibility is the ability to compute bit-wise identical results
from di↵erent runs of the same program on the same input data. This
is very important for debugging and for understanding the reliability of
the program. In a parallel computing environment, especially on very
large-scale systems, it is usually not possible to control the available
computing resources such as the processor count and the reduction tree
shape. Therefore the order of evaluation di↵ers from one run to another
run of the same program, which leads to di↵erent computed results due
to the non-associativity of floating-point addition and multiplication.

In a previous paper [1] we proposed the pre-rounding technique
for reproducible summation regardless of the available computing re-
sources such as processor count, reduction tree shape, data partition,
multimedia instruction set (SSE, AVX), etc. This technique has been
implemented in a production library, ReproBLAS [2], which currently
supports SSE instructions and MPI computing environment. Exper-
imental results showed that on large-scale systems, for example on
a CRAY XC30 machine with more than 1024 processors, the repro-
ducible sum runs only 20% slower than the performance-optimized
nonreproducible sum. On a single processor, however, the reproducible
sum can be up to 8 times slower than the performance-optimized non-
reproducible sum. That is because the pre-rounding technique is im-
plemented using extra floating-point operations for multiple passes of
error-free vector transformation.

123



For the purpose of performance enhancement, having hardware sup-
port will help to reduce the additional cost of extra floating-point op-
erations needed. In this paper, we propose a new instruction for re-
producible add, which ideally can be issued at every clock cycle, which
will reduce the cost of reproducible summation to almost as small as
a normal nonreproducible sum on a single processor. In comparison
with using a long accumulator, which can also provide reproducibility
by computing exact dot product and summation, our new instruction
exhibits the following advantages:

• the new instruction operates on the existing register file instead of
having to implement a special accumulator unit,

• it does not require drastic changes to the existing scheduling sys-
tem,

• it requires less memory space, hardware area as well as energy
consumption,

• the new instruction can be well pipelined and multi-threaded.

In this talk, I will present some preliminary results of this on-going
work of hardware implementation. First, I will present the sketch
of the hardware layout in order to implement the reproducible add
instruction. Then I will show some experimental results to demonstrate
that the chosen hardware configuration is su�cient to obtain good
accuracy. Finally I will discuss some possible future work.
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A�ne arithmetic is one of the extensions of interval arithmetic
that aim at counteracting the variable dependency problem. With
a�ne arithmetic, defined in [5] by Stolfi and Figueiredo, variables are
represented as a�ne combination of symbolic noises. It di↵ers from
the generalized interval arithmetic, defined by Hansen in [1], where
variables are represented as a�ne combination of intervals. Non-a�ne
operations are realized through the introduction of a new noise, that
accounts for nonlinear terms. Variants of a�ne arithmetic have been
proposed, they aim at limiting the number of noise symbols. Let us
mention [4] by Messine and [6] by Vu, Sam-Haroud and Faltings to
quote only a few.

The focus here is on the implementation of a�ne arithmetic using
floating-point arithmetic, specified in [2]. With floating-point arith-
metic, an issue is to handle roundo↵ errors and to incorporate them in
the final result, so as to satisfy the inclusion property, which is the fun-
damental property of interval arithmetic. In [4], [5] and [6], roundo↵
errors are accounted for in a manner that implies frequent switches of
the rounding mode; this incurs a severe time penalty. Implementations
of these variants are available in YalAA, developed by Kiel [2].
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We propose an implementation that uses one dedicated noise sym-
bol for accumulated roundo↵ errors. For accuracy purposes, the round-
o↵ error ✏ of each arithmetic operation is computed exactly via EFT
(Error Free Transforms). For e�ciency purposes, the rounding mode
is never switched. Instead, a brute-force bound on the roundo↵ error
incurred by the accumulation of the ✏s mentioned above is used.

Experimental results are presented. The proposed implementation
is one of the most accurate and its execution time is significantly re-
duced; it can be up to 50% faster than other implementations. Fur-
thermore, the use of a FMA (Fused Multiply-and-Add) reduces the
cost of the EFT and the overall performance is even better.
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Let us consider a standard eigenvalue problem

Ax = �x (1)

where A = AT 2 Rn⇥n. To solve (1) is ubiquitous since it is one of the
significant tasks in scientific computing. The purpose of this talk is to
compute an arbitrarily accurate eigenvalue decomposition:

A = bX bD bX�1 = bX bD bXT ,

where bX 2 Rn⇥n is orthogonal and bD 2 Rn⇥n is diagonal.
Most of the existing refinement algorithms are based on Newton’s

method for nonlinear equations, e.g. [1,2]. These methods can improve
eigenpairs one-by-one. On the other hand, we develop a method of
improving all eigenvalues and eigenvectors at the same time.

Let bX 2 Rn⇥n be an orthogonal matrix consisting of all exact eigen-
vectors of A. Let X

0

2 Rn⇥n be an initial approximation of bX. Here
we assume that X

0

satisfies

k bX �X
0

k =: "
0

<
1

2
.

In this talk we propose a simple iterative refinement algorithm for
calculating Xk, k = 1, 2, . . . such that

• Xk := Xk�1

+Wk for k = 1, 2, . . .
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• k bX �Xkk =: "k ⇡ "2k�1

⇡ "2k
0

(quadratic convergence)

which implies

max |�i � e�(k)i | ⇡ "k max |�i| = "kkAk, e�(k)i := (XT
k AXk)ii.

The idea is as follows: for an approximation X 2 Rn⇥n of bX, define
E 2 Rn⇥n such that bX = X(I + E). Then we try to compute a good
approximation eE of E by utilizing the following two relations:

⇢ bX�1 bX = bXT bX = I (orthogonality)
bX�1A bX = bXTA bX = bD (diagonalizability)

After obtaining eE, we can update X by X(I + eE). In general, we can
iteratively update Xk by

Xk+1

:= Xk(I + eEk) = Xk +Xk
eEk.

Detailed discussions and numerical results will be presented in the
talk.
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This talk is concerned with verified numerical computations for
linear systems. Our aim is to improve an automatic verified method
for linear systems which is discussed in [2]. Let F be a set of floating-
point numbers as defined by IEEE 754. Let I be the identity matrix
with suitable size. For A 2 Fn⇥n, if R exists such that

kRA� Ik  ↵ < 1, (1)

then A is non-singular. This is dominant computations in verified
numerical computations of linear systems. The discussion is how to
obtain ↵ in (1) as fast as possible. The notation fl(·) and fl4(·) means
that each operation in the parenthesis is evaluated by floating-point
arithmetic as defined by IEEE 754 with rounding to nearest and round-
ing upwards, respectively. Let e = (1, 1, . . . , 1)T 2 Fn. A constant u
denotes the roundo↵ unit, for example, u = 2�53 for binary64. Assume
that neither overflow nor underflow occurs in fl(·). If we apply a priori
error analysis (for example [1]) for fl(RA� I), then an upper bound of
kRA� Ik1 can be computed by

kRA� Ik1  fl4(kfl(|RA� I|e) + du(|R|(|A|e) + e)k1) (2)

where d is a constant with log
2

n . d . n depending on the order of
the evaluation. For (2), the following relation often holds [2]:

fl4(fl(|RA� I|e)) ⌧ fl4(du(|R|(|A|e) + e))
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Our idea is as follows: After obtaining R ⇡ A�1, we first evaluate
fl4(u(|R|(|A|e) + e)). Then, the constant d can be controlled by the
following block computations in order to prove kRA � Ik1 < 1. As-
sume that s = dn/n0e for block size n0. We use block notations for
C = AB (A,B,C 2 Fn⇥n) as follows:

0

@
C

11

· · · C
1s

... . . . ...
Cs1 · · · Css

1

A =

0

@
A

11

· · · A
1s

... . . . ...
As1 · · · Ass

1

A

0

@
B

11

· · · B
1s

... . . . ...
Bs1 · · · Bss

1

A

We introduce a variant of block matrix computations with ↵ 2 N,
w = ds/↵e and 1  q  w � 1 as follows:

Cij = fl(
wX

k=1

Tk), Tq = fl(
↵qX

l=↵(q�1)+1

AilBlj), Tw = fl(
sX

l=↵(w�1)+1

AilBlj).

Then, |C � AB|  ��|A||B|, � = n0 + ↵ + w � 2. The minimal � for
n = r3 (r 2 N) is identical with some bounds in [3]. Our algorithm
automatically defines suitable n0 and ↵, and obtain ↵ as fast as possible.
Similar discussion can be applied into other methods in [2]. As a result,
the computing time of the proposed algorithm is much smaller than
that of the algorithm in [2], which will be shown in the presentation.
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Optimization of mixed-integer nonlinear programming (MINLP)
problems constitutes an active area of research. A standard strategy
to solve MINLP problems is to use a branch-and-bound (BB) frame-
work [1]. Specifically, a relaxed NLP is solved at each node of the
branch-and-bound tree. Di↵erent variants of the BB approach have
been reported in the literature [2] and are widely adapted by several
state-of-the-art MINLP solvers (cf. BARON , Bonmin, SBB). Albeit
of the widespread enjoyed interest by the BB approach, the type of
NLP solver used has found to limit its performance in practice. To
solve polynomial nonlinear programming (NLP) problems, an alterna-
tive approach is provided by the Bernstein algorithms. The Bernstein
algorithms are similar in philosophy to interval branch-and-bound pro-
cedures. Several variants of the Bernstein algorithms to solve uncon-
strained polynomial NLPs have been reported in the literature (see,
for instance, work by Nataraj and co-workers). However, no work has
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yet been reported in the literature for global optimization of uncon-
strained polynomial MINLP problems using the Bernstein polynomial
approach.

In this paper, we propose a Bernstein algorithm for unconstrained
global optimization of multivariate polynomial MINLPs. The proposed
algorithm is similar to the classical Bernstein algorithm for the global
optimization of unconstrained NLPs, but with several modifications
listed as follows. It uses tools, namely monotonicity and concavity
tests, a modified subdivision procedure (to handle integer decision vari-
ables in the given MINLPs), and the Bernstein box and Bernstein hull
consistency techniques to contract the search domain. The Bernstein
box and Bernstein hull consistency techniques is applied to constraints
based on the gradient and upper bound on the global minimum of the
objective polynomial to delete nonoptimal points from the given search
domain of interest.

The performance of the proposed algorithm is numerically tested
on a collection of 10 test problems (three to nine dimensional, and
one to six integer variables) taken from [3]. These problems are con-
structed as MINLPs, and the test results are compared with those of
the classical Bernstein algorithm to solve polynomial NLPs 1. For these
test problems, we first compare the performance of the proposed algo-
rithm with and without accelerating devices (namely the cut-o↵, the
monotonicity, and the concavity tests), combinations of the di↵erent
accelerating devices, and the combinations of the Bernstein box and
the Bernstein hull consistency techniques with the three accelerating
devices. Based on our findings, the proposed algorithm is found to
be considerably more e�cient than the classical Bernstein algorithm,
giving average reduction of 50 % in the number of boxes processed and
the computational time, depending on the tools used in the proposed
algorithm.

1
It may be noted that the classical Bernstein algorithm is extended (based on simple rounding

heuristics borrowed from the MINLP literature) in this case to handle the integer variables of the

MINLPs.

132



References:

[1] C. A. Floudas, Nonlinear and mixed-integer optimization: Fun-
damentals and applications, New York, U.S.A: Oxford University
Press, 1995.

[2] GAMS- The solver manuals, GAMS Development Corp., Wash-
ington DC, 2003.

[3] J. Verschelde, PHC pack, the database of polynomial systems,
Technical report, Mathematics Department, University of Illinois,
Chicago, USA, 2001.

133



Improved Enclosure for Parametric
Solution Sets with Linear Shape

Evgenija D. Popova
Inst. of Mathematics and Informatics, Bulgarian Academy of Sciences

Acad. G. Bonchev str., block 8, 1113 Sofia, Bulgaria
epopova@bio.bas.bg

Keywords: linear systems, dependent data, solution set enclosure

Consider linear algebraic systems involving linear dependencies be-
tween interval parameters. An interval method [1] for enclosing the
parametric united solution set is known as the best one. Its e�cient
application requires particular structure of the dependencies which is
representative for finite element models of truss structures. It is not
know which parametric systems (in general form) have the required
representation.

We generalize the method [1] for systems involving dependencies
between the matrix and the right-hand side vector. Some su�cient
conditions for a parametric solution set to have linear boundary will
be presented. Via these conditions any parametric system that satisfies
them is transformed into the form required by the method of Neumaier
and Pownuk, and its generalization. Thus, an expanded scope of ap-
plicability is achieved. Examples will demonstrate parametric solution
sets with linear boundary that appear in various application domains.
The linear boundary of any parametric solution set (AE- in general)
with respect to a given parameter, which is proven by the above su�-
cient conditions, can be utilized for further improving an enclosure of
the solution set.
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Interval arithmetic (IA) is the most used way of producing rigor-
ously proven results in problems of continuous mathematics, usually in
the form of real intervals that (even in presence of rounding error) are
guaranteed to enclose a value of interest, such as a solution of a di↵er-
ential equation at some point. The basics of IA are generally agreed –
e.g., to add two intervals x, y, find an interval containing all x+ y for
x in x and y in y.

Many versions of IA theory exist, individually consistent but mutu-
ally incompatible. They di↵er especially in how to handle operations
not everywhere defined on their inputs, such as division by an interval
containing zero. In this situation a standard is called for, which not
all will love but which is usable and practical in most IA applications.

The IEEE working group P1788 [1], begun in 2008, has produced a
draft standard for interval arithmetic, currently undergoing the IEEE
approval process. The talk will concentrate on aspects of its architec-
ture, especially:

• the levels structure, with a mathematical, a datum and an imple-
mentation level;

• the decoration system, which notes when a library operation is
applied to input where it is discontinuous or undefined.

Time permitting, I may outline the P1788 flavor concept, by which
implementations based on other versions of IA theory may be included
into the standard in a consistent way.

Invited talk
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Dynamic system models given by ordinary di↵erential equations
(ODEs) with non-smooth right-hand sides are widely used in engi-
neering. They can, for example, be employed to model transitions
between static and sliding friction in mechanical systems and to rep-
resent variable degrees of freedom for dynamic applications in robotics
with contacts between at least two (rigid) bodies.

The verified simulation of such systems has to detect those points
of time at which either one of the discrete model states (in a represen-
tation of the ODEs by means of a state-transition diagram) becomes
active or at which one of the discrete states is deactivated [1,2]. As
long as mechanical systems are taken into consideration that are de-
scribed by position and velocity as corresponding state variables, it is
guaranteed that the state trajectories (i.e., the solutions of the ODE)
remain continuous at the before-mentioned switching points.

For practical applications, however, it is not only necessary to de-
rive verified simulation techniques and to compute state variables that
can be reached within a given time horizon under consideration of a
predefined control law. Such a control law is usually given by the
actuator signal (e.g. force) acting onto the (mechanical) system [3,4].
In addition, a system identification is necessary to determine parame-
ter values that comply with the non-smooth system model on the one
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hand and the measured data on the other hand. In engineering appli-
cations, these measurements are usually subject to uncertainty that is
often in the same order of magnitude as the measured data themselves.
For that reason, it is in general not reliable to determine point values
for the system parameters. Instead, confidence intervals have to be
computed which satisfy both the constraints imposed by the dynamic
system model (the ODEs with the variable-structure behavior) and the
measurements with the corresponding uncertainty.

In this contribution, an interval-based o✏ine system identification
routine is presented and compared to a guaranteed stabilizing sliding
mode state and parameter estimator. This estimator is proven to be
asymptotically stable within a desired operating range, and may be
employed in real time within engineering applications. However, it has
the drawback that it does not directly produce confidence intervals
that are required for a guaranteed identification. Simulations and ex-
perimental results are shown for a laboratory test rig representing the
uncertain longitudinal dynamics of a vehicle.
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Interval-based sliding mode controllers and estimators provide a
possibility to stabilize the error dynamics despite not accurately known
parameters and bounded measurement uncertainty [2]. However, cur-
rent implementations of both types of approaches are commonly char-
acterized by the fact that they only provide point-valued estimates
without any explicit computation of confidence intervals [4]. There-
fore, this contribution aims at developing fundamental techniques for
an extension towards the computation of guaranteed confidence inter-
vals.

The corresponding procedure is based on the use of symbolic for-
mula manipulation and interval arithmetic for the computation of those
sets of state variables (and estimated states, respectively) that can be
reached in a finite time horizon. For that purpose, the nonlinear sys-
tem is embedded into a (quasi-) linear state-space representation with
piecewise constant input signals for which the sets of reachable states
can be computed by using Müller’s theorem, or more generally, by
exploiting the system property of cooperativity for linear parameter-
varying finite-dimensional state equations [1,3]. The necessary proof
for cooperativity is performed by verified range computation proce-
dures that rely on interval arithmetic software libraries. Basic build-
ing blocks of these procedures are presented for the use of the Matlab
toolbox IntLab.
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After a summary of the before-mentioned fundamental procedures,
extensions are presented which show how these techniques can be em-
ployed in a framework for designing sliding mode estimators. These
estimators, extended by the use of interval arithmetic, determine the
sets of state variables and parameters that are consistent with both
a given dynamic system model and information about bounded mea-
surement uncertainty.

Finally, necessary extensions are highlighted which allow for an ex-
tension of the implementation in such a manner that the corresponding
estimation schemes can make use of interval arithmetic in real time.
Numerical results for estimation tasks related to the longitudinal dy-
namics of a vehicle conclude this contribution.
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ValEncIA-IVP is a verified solver providing guaranteed enclo-
sures for the solution to initial value problems (IVPs) for sets of ordi-
nary di↵erential equations (ODEs). In the basic version of this solver,
the verified solution was computed as the sum of a non-verified ap-
proximate solution (computed, for example, by Euler’s method) and
additive guaranteed error bounds determined using a simple iteration
scheme [1,2].

The disadvantage of this iteration scheme, however, is that the
widths of the resulting state enclosures might get larger even for asymp-
totically stable ODEs [2,3]. This phenomenon is caused by the so-called
wrapping e↵ect which arises if non-axis-parallel state enclosures are
described by axis-aligned interval boxes in a state-space of dimension
n > 1. To avoid the resulting overestimation, it is useful to trans-
form the ODEs into a suitable canonical form. For the case of linear
ODEs with real eigenvalues of multiplicity one, the canonical form is
given by the Jordan normal form. It results in a decoupling of the
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vector-valued set of state equations. A solutions of this transformed
IVP can then be determined by an exponential enclosure technique
which guarantees that asymptotically stable solutions are represented
by contracting interval bounds if a suitable time discretization step
size is chosen. For real eigenvalues, this property holds as long as the
value zero is not included in any vector component of the solution in-
terval. This advantageous property can be preserved for linear ODEs
with conjugate complex eigenvalues if a transformation into the com-
plex Jordan normal form is employed. Then, a complex-valued interval
iteration scheme is used to determine state enclosures [4].

This contribution extends the solution procedure, described in [4]
for eigenvalues of multiplicity one, to more general situations with
several multiple real and complex eigenvalues. Simulation results for
technical system models from control engineering, containing bounded
uncertainty in initial values and parameters, conclude this contribu-
tion.
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Many technical systems are a↵ected by bounded and stochastic
disturbances, which are usually summarized as uncertainty in general.
Bounded uncertainty comprises, for example, lack of knowledge about
specific parameters as well as manufacturing tolerances. In contrast,
stochastic disturbances have to be taken into consideration in control
and estimation tasks if only inaccurate sensor measurements are avail-
able and if random e↵ects influencing the stability of the system are to
be modeled, as for example friction. To cope with these phenomena, a
sliding mode approach is derived in this presentation that takes these
types of uncertainty into account and stabilizes the error dynamics
even if system parameters are not exactly known and measurements
are a↵ected by noise processes.

The sliding mode approach consists of two parts: a quasi-linear and
a variable structure part. This provides the possibility to take not only
linear but also nonlinear systems into account because the first part
stabilizes the linear dynamics, and the second one counteracts nonlin-
ear influences on the system. In contrast to some known sliding mode
approaches, restrictive matching conditions are avoided. Additionally,
intervals for uncertain parameters as well as control, estimation and
measurement errors are used for the calculation of the switching am-
plitudes based on the Itô di↵erential operator in combination with a
suitable candidate for a Lyapunov function.

To show the applicability, consider a dynamic system a↵ected by
stochastic disturbance inputs dw that act on the system dynamics as
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a standard Brownian motion. Then, the system can be described by
the stochastic di↵erential equation

dx = f (x(t),p,u(x(t))) dt+ g (x(t),p) dw . (1)

Applying the Itô di↵erential operator L(V (x̄,p)), cf. [3], to the Lya-
punov function candidate V (x̄) = 1

2

· x̄T · P · x̄ with P = PT � 0, its
time derivative becomes

L(V (x̄,p)) =
@V

@t
+

✓
@V

@x̄

◆T

·f(x̄,p)+1

2
·trace

⇢
gT (x̄,p) · @

2V

@x̄2

· g(x̄,p)
�

(2)
with the vector of interval parameters p 2 [p ; p] where p

i
< pi < pi

holds for each parameter pi. In (2), x1 is the equilibrium state with
x̄ = x� x1. If the condition L(V (x̄,p)) < 0 holds in the interior of a
domain V (x̄) < c, c > 0, containing x1, the equilibrium can be proven
asymptotically stable in a stochastic sense.

This procedure can be exploited for both control as well as state and
parameter estimation tasks. Numerical results conclude this presenta-
tion and show the practical applicability of the sliding mode approach
considering bounded and stochastic disturbances.
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It is shown in [1] that, for interval systems (A8 +A

9)x = b

8 + b

9

with A

8,A9 2 IRm⇥n, b8, b9 2 IRm such that A8
ij ·A9

ij = 0, b8i · b9j = 0
for every i, j, any AE-solution set

⌅ = {x 2 Rn | 8A0 2 A

8, 8b0 2 b

8, 9A00 2 A

9, 9b00 2 b

9

(A0 + A00)x = b0 + b00}

can be characterized in Kaucher interval arithmetic by the inclusion

Cx ✓ d, where C = A

8 + dual(A9), d = dual(b8) + b

9. (1)

Definition of reserve z. We call by reserve of the inclusion (1)
the maximal real number z such that Cx + e [�z, z] ✓ d for the
m-vector e = (1 1 . . . 1)>.

Formulas for z. From the above definition, we get

z = min
i

min
�
Ci:x� di, �Ci:x+ di

 
=

= min
i

min
�
Ci:x

+ �Ci:x
� � di, �Ci:x

+ +Ci:x
� + di

 
=

= min
i

min

(
nX

j=1

C
�sgn(xj)

ij xj � di, �
nX

j=1

C
sgn(xj)

ij xj + di

)
=

= min
i

⇣
raddi � radCi: |x|�

��middi �midCi: x
��
⌘
=

= min
i

⇣
rad(A9

i:)|x|+ rad(b9i )�
��
A

8
i:x� b

8
i +mid(A9

i:)x�mid(b9i )
��
⌘
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using the notation x+, x� 2 Rn
+

, x+ = max{0, x}, x� = max{0,�x},

C
�sgn(xj)

ij =

(
Cij, if xj � 0,

Cij, otherwise,
C

sgn(xj)

ij =

(
Cij, if xj � 0,

Cij, otherwise.

Geometrical properties of the functional z(x). The functional
z(x) is defined on the entire Rn, continuous and piecewise-linear. It is
concave in each orthant of Rn.

For C = A

8 (in particular, for the tolerable solution set and the
set of strong solutions), the functional z(x) is concave on the whole of
Rn and bounded from above by the real number mini rad(b

9
i ).

Recognizing properties of the functional z(x). Judging on the
value of z(x) at a point x, we can decide on whether the point x belongs
to the solution set ⌅, its topological interior int⌅ or the boundary @⌅:

z(x)�0 , x2⌅, z(x)>0 ) x2 int⌅, z(x)=0 ( x2@⌅. (2)

Examining the value of maxx2Rn z(x), we can recognize whether the
sets ⌅ and int⌅ are empty or not:

max
x2Rn

z(x) � 0 , ⌅ 6= ?, max
x2Rn

z(x) > 0 ) int⌅ 6= ?. (3)

We have derived necessary and su�cient conditions on C, A8, A9,
b

8, b9 for changing “)” and “(” in (2) and (3) to “,”.
The set Argmaxx2Rn z(x) turns out to be quite useful too:
1) if maxx2Rn z(x) � 0, then Argmaxx2Rn z(x) consists of the ‘best’

points of ⌅ at which the inclusion (1) holds with maximum reserve;
2) if maxx2Rn z(x) > 0, then Argmaxx2Rn z(x) ✓ int⌅;
3) if maxx2Rn z(x) < 0, then the set Argmaxx2Rn z(x) consists of

the points where the inclusion (1) is violated in the minimum amount.
The latter enables one to use such points as ‘type ⌅ pseudosolutions’.
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For the linear regression model b = a
1

x
1

+ a
2

x
2

+ . . . + anxn, we
consider the problem of data fitting under interval uncertainty. Let an
interval m ⇥ n-matrix A = (aij) and an interval m-vector b = (bi)
represent, respectively, the input data and output responses of the
model, such that a

1

2 ai1, a2 2 ai2, . . . , an 2 ain, b 2 bi in the i-th
experiment, i = 1, 2, . . . ,m. It is necessary to find the coe�cients that
best fit the above linear relation for the data given.

A family of values of the parameters is called consistent with the
interval data (ai1,ai2, . . . ,ain), bi, i = 1, 2, . . . ,m, if, for every index
i, there exist such point representatives ai1 2 ai1, ai2 2 ai2, . . . , ain 2
ain, bi 2 bi that ai1x1 + ai2x2 + . . . + ainxn = bi. The set of all
the parameter values consistent with the data given form a parameter
uncertainty set. As an estimate of the parameters, it makes sense to
take a point from the parameter uncertainty set providing that it is
nonempty. Otherwise, if the parameter uncertainty set is empty, then
the estimate should be a point where maximal “consistency” (in a
prescribed sense) with the data is achieved.

The parameter uncertainty set, as defined above, is nothing but the
solution set ⌅(A, b) to the interval system of linear equations Ax = b

introduced in interval analysis:

⌅(A, b) = { x 2 Rn | Ax = b for some A from A and b from b }.
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For the data fitting problem under interval uncertainty, we propose,
as the consistency measure, the values of the recognizing functional of
the solution set ⌅(A, b) which is defined as

Uss(x,A, b) = min
1im

(
rad bi +

nX

j=1

(rad aij) |xj|

�
����� mid bi �

nX

j=1

(mid aij) xj

�����

)
,

where “mid” and “rad” mean the midpoint and radius of an interval.
The functional Uss “recognizes” the points of ⌅(A, b) by the sign of
its values: x 2 ⌅(A, b) if and only if Uss (x,A, b) � 0. Additionally,
Uss has reasonably good properties as a function of x and A, b.

As an estimate of the parameters in the data fitting problem, we
take the value of x = (x

1

, x
2

, . . . , xn) that provides maximum of the
recognizing functional Uss (Maximum Consistency Method). Then,
• if the parameter uncertainty set is nonempty, we get its point,

• if the parameter uncertainty set is empty, we get a point that still
has maximum possible consistency (determined by values of the
functional Uss) with the data given.

In our work, we discuss properties of the recognizing functional Uss,
interpretation and features of the estimates obtained by the Maximum
Consistency Method. Also treated is correlation with the other ap-
proaches to data fitting under interval uncertainty.
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To enlarge the acceptance of interval arithmetic the IEEE interval
standard working group P1788 [1] has been founded in 2008.

For this upcoming standard, complete arithmetic as described in [2]
should be provided by implementing libraries to provide (bit) lossless
arithmetics. The so called complete format C(F), with F describing
the number format, uses a long accumulator to ensure precise results.

As opposed to the more commonly used fixed (double) precision
interval arithmetic the 2nd arithmetical feature dynamic precision in-
terval arithmetic is able to provide

• conversion of several number formats to and from the accumulator,
e.g. from floating-point format to complete format, vice versa or
from one complete format to another,

• addition and subtraction, e.g. add or subtract two complete or
floating-point formats, of which at least one is complete,

• multiply-add, to compute a = x ⇤ y + z with x, y 2 F and a, z 2
C(F) and

• a dot product to calculate an exact result of two vectors a, b 2 F
with length n. The exact results of

Pn
k=1

ak ⇤ bk is available from
the accumulator.
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In this talk we will give a short overview of the complete arith-
metic as suggested by the upcoming P1788 standard and present our
standard implementation which provide this claimed function. Fur-
thermore we will talk about our testing environment.
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Interval arithmetic is one of the most common ways to deal with
fuzzy numbers. In the interval arithmetic each fuzzy number is repre-
sented as a set of intervals for each ↵-level, where ↵-levels are chosen
based on required precision. Such representation of fuzzy numbers al-
lows usage of all interval arithmetic tools, including basic arithmetic
operations.

But such representation of fuzzy numbers doesn’t form either a field
or even a group with any basic arithmetic operations. It lacks both
transitivity and inverse element.

Some researchers try to construct unnatural and counter-intuitive
operations to deal with these problems. For example - we can find
operations like ”inverse-addition” and ”inverse-multiplication”.

Such operations make it possible to use inverse element for ad-
dition and multiplication respectively, but have very strict limits of
usage. But in this paper it is proposed that seeking for inverse ele-
ment is unnecessary, because it ruins the intuition of fuzzy arithmetic.

The following intuition is used as basic idea of this paper. Suppose
A and B are fuzzy numbers, so that A = B. We declare that:

1. A - B = 0, if both A and B reflect the same measurement of the
same object or event;

2. A - B 6= 0, if A and B do not reflect the same measurement of the
same object or event.
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So before using interval arithmetic to deal with problem on fuzzy
numbers, it is proposed to start with analysis of variables in terms of
their relations. Such analysis allows to dramatically reduce uncertainty
caused by lack of transitivity and inverse element.

Let’s consider a brief example. Numbers are provided only for ↵
0

for simplification, but it is valid for any ↵-level:

X = [100, 150], profit of a company.
Y = 0.3*X = [30, 45], a 30% tax this company has to pay.
Z = X - Y, profit left after the taxes.

While calculating Z we face the issue - there are two di↵erent ways
to calculate it:

1. Z = X - Y = [100, 150] - [30, 45] = [55, 120]
2. Z = X - Y = X - 0.3*X = 0.7*X = 0.7*[100, 150] = [70, 105]

Thinking about this example will definitely lead us to the conclu-
sion, that 1st way is wrong and 2nd way is right.

This paper suggests, that by applying proposed analysis of relation-
ship between variables we can reduce uncertainty caused by choosing
improper way to solve such conflicts. Several common rules and more
complex examples are provided.
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Due to respectable power of computers nowadays, molecular dy-
namics simulation is meanwhile state-of-the-art practice in academic
and industrial research. The complexity of some classes of systems to
simulate, e.g. proteins, lead to the development of simulation software
packages. This situation in turn raises the question of validation [1].
One aspect of validation concerns the implementation of the numer-
ical integration scheme. A widespread algorithm in use is the Verlet
method, a discretized version of Newton’s second law. Despite the
fact that the Verlet method only approximates the true solution of
the ODE, is has some pleasant properties inherited from the original
equations of motion. Discretization is one source of error, but the true
problem in simulating orbits in molecular dynamics is another [2]. As
examined in the one dimensional case in [3], chaotic behavior leads,
when iterating the (discrete) equations of motion, asymptotically to
a constant loss of significant bits per iteration step in the state space
variable. Thus, using standard IEEE-754 floating-point arithmetic for
iteration, as typically is done in molecular dynamics, rounding errors
overwhelm the dynamics even after iteration times lying of orders be-
low the times required for obtaining a reasonable simulation.

In this contribution, the results obtained in [3] are generalized to
the multidimensional case. The starting point is a discrete dynami-
cal system (M, f), where M ✓ Rn is a box and f : M ! M a C2-
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di↵eomorphism. The time evolution is governed by the iteration equa-
tion

x(k+1) = f(x(k)), x(0) 2 M.

To handle numerical errors, the iteration is reformulated on boxes in-
stead of points and f is replaced by an appropriate centered form in the
sense of [4]. The candidate chosen for a centered form is obtained by
using techniques coming from ergodic theory [5]. Specifically, methods
used for proving the existence of Lyapunov exponents for dynamical
systems are applied. As the main result, an algorithm for computing
true orbits (x(k))

0kN of lengthN of the dynamical system with prede-
fined accuracy is obtained, supposed that a computable expression for
f exists. Moreover, the asymptotic loss of precision in each iteration
step is shown to be given by the Lyapunov exponents. These results
may form the starting point for developing more accurate integration
schemes.

References:

[1] W.F. van Gunsteren, A.E. Mark, Validation of molecular
dynamics simulation, Journal of Chemical Physics, 108 (1998),
pp. 6109–6116.

[2] R.D. Skeel, What makes molecular dynamics work? SIAM Jour-
nal on Scientific Computing, 31 (2009), pp. 1363–1378.

[3] Ch. Spandl, Computational complexity of iterated maps on the
interval, Mathematics and Computers in Simulation, 82 (2012),
pp. 1459–1477.

[4] R. Krawczyk, Centered forms and interval operators, Computing,
34 (1985), pp. 243–259.

[5] L. Barreira, Y.B. Pesin, Introduction to Smooth Ergodic The-
ory, AMS, Providence, Rhode Island, 2013.

154



Numerical verification for periodic
stationary solutions to the Allen-Cahn

equation

Kazuaki Tanaka1 and Shin’ichi Oishi2,3

1Graduate School of Faculty of Science and Engineering, Waseda
University.

2Faculty of Science and Engineering,Waseda University.
3CREST, JST.

1,2Building 63, Roeom 419, Okubo 3-4-1, Shinjuku, Tokyo 169-8555,
Japan.

imahazimari@fuji.waseda.jp

Keywords: Allen-Cahn equation, Numerical verification, Periodic so-
lutions

The main purpose of this talk is to propose and discuss the results
of numerical verification for some periodic stationary solutions to the
Allen-Cahn equation, which form attractive patterns like a kaleido-
scope.

To derive stationary solutions to the Allen-Cahn equation, we try
to solve the following equation:

( �"2�u = u� u3 in ⌦,
@u

@n
= 0 on @⌦,

(1)

where " is a given positive number and ⌦ is a square domain (0, 1)2.
Here, we set V = H1(⌦) and denote the dual space of V by V ⇤. Defin-
ing operator F : V ! V ⇤ by

hF (u) , vi := (ru,rv)L2 � "�2

�
u� u3, v

�
L2 , 8v 2 V,

the equation (1) can be transformed into the equation

F(u) = 0 in V ⇤.
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We derived the approximate solutions to this equation with spectral
method and verified these solutions using Newton-Kantorovich’s the-
orem (the verification method with this theorem summarized in [1]).
One of the most important things for verification is how to estimate
the norm of inverse of linearized operator kF 0 [û]�1 k, where û 2 V is
an approximate solution and F 0 [û] is the Fréchet derivative of F at
û. We estimated the operator norm using the theorem in [2] based
on Liu-Oishi’s theorem [3], which is an e↵ective theorem to evaluate
eigenvalues of the Laplace operator on arbitrary polygonal domains.

The Allen-Cahn equation has various solutions, which constitute
interesting patterns, especially when " is small. Since a small " makes
solutions to (1) singular, a more accurate basis becomes necessary to
obtain an appropriate approximate solution for small ". Of course,
numerical verification also becomes di�cult when " is small.

This type of solutions often have periodicity and therefore they
can be composed by solutions on some small domain. In this talk,
we would like to show the verification results using periodicity and
discuss its e↵ectiveness. A consideration about behavior of solutions
to (1) with respect to " also will be performed.
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The correctness of algorithms computing with intervals depends on
the respect of the inclusion principle. So, for a given problem, di↵erent
algorithms may give di↵erent solutions, as long as each output contains
the mathematically exact result. This raises the problem of comparing
the computed approximations. When the exact solution is a real point,
several measures of the distance to the exact result have been proposed:
for instance, Kulpa and Markov define relative extent [KM03], Rump
defines relative precision [Rum99]. When the exact solution itself is an
interval, the ratio of radii is often used.

In this work, we discuss the possible choices for such metrics. We
introduce the notion of relative accuracy for quantifying the amount
of information that an interval conveys with respect to an unknown
exact value it encloses. This measure is similar, yet not equivalent, to
the relative precision, the relative extent, or the relative approximation
error proposed by Kreinovich [Kre13].

We then advocate the use of the Hausdor↵ metric for measuring
absolute error as well as relative error between two intervals. We show
how ratios of radii simplify the analysis with the Hausdor↵ distance
in the case of nested intervals. We also point out that this simpler
approach may overlook some important phenomena and we illustrate
this shortcoming on the example of interval matrix product.
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In 1988, M. T. Nakao [1] developed a method to verify the ex-
istence of solutions to an elliptic boundary value problem. Nakao’s
method, which is based on a finite element method (FEM), implic-
itly assumed the finite element space to be conforming. We generalize
Nakao’s method for the nonconforming P1 FEM.

Let us consider the following boundary value problem:

⇢�4 u = f(u) in ⌦,

u = 0 on @⌦,
(1)

where 4 denotes the Laplace operator, ⌦ is a bounded convex polygon
and f : H2(⌦) ! L2(⌦) is a continuous map. If we use the conforming
P1 FEM for the problem (1), a finite element basis function  i belongs
to H1

0

(⌦), that is,  i 2 H1(⌦) and  i|@⌦ = 0. Thus, for any v 2
H2(⌦) \H1

0

(⌦), we get the following formula by integration by parts:

Z

⌦

r i ·rv dx dy = �
Z

⌦

 i4 v dx dy. (2)

In original (or classical) Nakao’s method, this formula (2) plays an im-
portant role. On the other hand, if we use the nonconforming P1 FEM,
a finite element basis function 'i does not vanish on the boundary of
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Ki = supp'i. Therefore, by integration by parts, we get the following
formula:

Z

Ki

r'i ·rv dx dy =

Z

@Ki

'i@nv ds�
Z

Ki

'i4 v dx dy, (3)

where n denotes the outward unit normal vector on the boundary
@Ki. In order to deduce one of su�cient conditions for verification,
we apply v = 4�1 'j to the formula (3). Hence, it is di�cult to
calculate the boundary integration accurately by numerical means. We
here use an upper and lower estimate of width O(h) for the boundary
integration instead, where h denotes the mesh size. That is to say,
we get constructive inequalities �C(Ki)h  |

R
@Ki

'i@n(4�1 'j)ds| 
C(Ki)h. For this purpose, we apply a similar analysis to the estimate
of error in nonconforming P1 FEM [2].

Finally, we show some numerical results of our method. Practically,
a naive implementation of our method tends to fail verification or to
make the candidate set too large even if the verification is successful.
Those are because the interval vector derived from the boundary inte-
grations is enlarged by the wrapping e↵ect. We also propose a device
to avoid this problem, which improves the numerical results.
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This paper concerns two applications of interval analysis to param-
eter estimation in hydrology: an e↵ort to develop an interval analysis
based optimization code for parameter estimation related to ground-
water tracer experiments and a code for parameter estimation for prob-
ability distributions in a hydrological context by maximizing the like-
lihood [1]. At the time the work started in 2008 there was no interval
function library that contained a specialized interval extension for the
pdf of the Gamma distribution with the distribution parameters as
variables or even an easily available version for the digamma function.
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Reliable global optimization is dedicated to solving problems to
optimality in the presence of rounding errors. The most successful
approaches for achieving a numerical proof of optimality in global op-
timization are mainly exhaustive interval-based algorithms [1] that in-
terleave pruning and branching steps. The Interval Branch & Prune
(IBP) framework has been widely studied [2] and has benefitted from
the development of refutation methods and filtering algorithms stem-
ming from the Interval Analysis and Interval Constraint Programming
communities.

In a minimization problem, refutation consists in discarding subdo-
mains of the search-space where a lower bound of the objective func-
tion is worse than the best known solution. It is therefore crucial: i)
to compute a sharp lower bound of the objective function on a given
subdomain; ii) to find a good approximation (an upper bound) of the
global minimum. Many techniques aim at narrowing the pessimistic
enclosures of interval arithmetic (centered forms, convex relaxation,
local monotonicity, etc.) and will not be discussed in further detail.

State-of-the-art solvers are generally integrative methods, that is
they embed local optimization algorithms (BFGS, LP, interior points)
to compute an upper bound of the global minimum over each subspace.
In this presentation, we propose a cooperative approach in which in-
terval methods collaborate with Evolutionary Algorithms (EA) [3] on
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a global scale. EA are stochastic algorithms in which a population of
individuals (candidate solutions) iteratively evolves in the search-space
to reach satisfactory solutions. They make no assumption on the ob-
jective function and are equipped with nature-inspired operators that
help individuals escape from local minima. EA are thus particularly
suitable for highly multimodal nonconvex problems. In our approach
[4], the EA and the IBP algorithm run in parallel and exchange bounds
and solutions through shared memory: the EA updates the best known
upper bound of the global minimum to enhance the pruning, while the
IBP updates the population of the EA when a better solution is found.
We show that this cooperation scheme prevents premature convergence
toward local minima and accelerates the convergence of the interval
method. Our hybrid algorithm also exploits a geometric heuristic to
select the next subdomain to be processed, that compares well with
standard heuristics (best first, largest first).

We provide new optimality results for a benchmark of di�cult mul-
timodal problems (Michalewicz, Egg Holder, Rana, Keane functions).
We also certify the global minimum of the (open) Lennard-Jones clus-
ter problem for 5 atoms. Finally we present an aeronautical application
to solve conflicts between aircraft.
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Interval methods [e.g., 1, 2] that provide rigorous, verified enclo-
sures of all solutions to parametric ODEs serve as powerful bounding
tools for use in branch-and-bound methods for the deterministic global
optimization of dynamic systems [e.g., 3, 4]. In practice, however, the
number of decision variables that can be handled by this approach is
often severely limited by considerations of computation time, especially
in real-time or near real-time applications.

Since the early 2000s, parallel computing (multiprocessing), gener-
ally in the form of multicore processors, has replaced frequency scaling
to become the dominant cause of processor performance gains. Today,
parallel computing hardware is ubiquitous, but the extent to which it
is well exploited depends significantly on the application. There are
many opportunities to exploit fine-grained parallelism in applications
of interval methods—for example, in basic interval arithmetic [5]. We
will focus here on the coarse-grained parallelism that arises naturally in
the interval branch-and-bound procedure for global optimization. It is
well known that this provides the opportunity for superlinear speedups,
and so has been a topic of continuing interest [e.g., 6, 7]. A key is-
sue is the ability to dynamically balance workload, thus avoiding idle
computational resources. We describe here a dynamic load balancing
(DLB) framework, and implement two versions of it, one using MPI
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(Message Passing Interface) and one using POSIX multi-threads, for
solving global dynamic optimization problems on a multicore, multi-
processor server. We will use computational results to compare the two
implementations and to evaluate several DLB design factors, including
the communication scheme and virtual network used. Through this
framework it is possible to significantly reduce problem solution times
(wall-clock) and increase the number of decision variables that can be
considered within reasonable computation times.
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Théveny, Philippe, 157
Tsuchiya, Takuya, 85

Uda, Tomoki, 159

van Nooijen, Ronald, 161
Vanaret, Charlie, 162
Vassilev, Spasen, 26

Wang, Feng, 76
Watanabe, Yoshitaka, 81
Westphal, Ramona, 141

Xu, Gang, 164

Yamamoto, Nobito, 66

167



Yamanka, Naoya, 60

Zhao, Yao, 164
Zohdy, Maha, 49

168



169



List of participants

Country Participants Country Participants

Germany 18 United Kingdom 2
Japan 17 Austria 1
France 16 Brazil 1
United States 7 China 1
Russia 6 India 1
Czech Republic 3 Netherlands 1
Bulgaria 2 Poland 1
Egypt 2 Slovenia 1
Hungary 2 Sweden 1

Last Name First Name Country

Alefeld Götz Germany
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